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POVMs and instruments

in this talk: all sets (X, Y etc.) are finite, all spaces (74, 7% etc.) are
finite-dimensional

: family P of positive semidefinite operators on 77 labeled by set X, i.e.,
P={P,}sex, with P, >0and > P, =1

interpretation: expected probability of outcome z is p(x) = Tr[p P,]

. family {Z, : A — B},ex of completely positive (CP) linear maps from
B(FH)) to B(H5), such that > T, is trace-preserving (TP)

interpretation: expected probability of outcome z is p(x) = Tr[Z,(0)], and

corresponding post-measurement state is 1[ﬁlx(g)
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incompatibility
In quantum theory,

If all measurements were compatible, we would not have QKD, violation of Bell's
inequalities, quantum speedups, etc.

Various formalizations:
® preparation uncertainty relations (e.g., Robertson)

® measurement uncertainty relations (e.g., Ozawa)
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compatible POVMs 1/2

Definition

given a family {P®},; = {Px(i)}xex’ie]l of POVMs, all defined on the same system A,
we say that the family is compatible, whenever there exists

L O = {Ou},cw On system A
°a plz|w, i)
such that

w

for all x € X and all 7 € 1.

But what does it mean, , if | say that, e.g., a certain laboratory can only
perform compatible measurement?

5/24

compatible POVMs 2/2

There's a bipartition hidden in the concept of (in)compatibility:

[F.B., E. Chitambar, W. Zhou; PRL 2020]
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the problem

While there is consensus on a single notion of compatibility for POVMs,

the situation is less clear for instruments...
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classical compatibility 1/2

Definition (Heinosaari-Miyadera—Reitzner, 2014)

given a family of instruments {Ig(f) : A — B}.ex.icr, We say that the family is

classically compatible, whenever there exist

®a {How: A= B},cw
°a p(|w, i)
such that

T = Zu(w|w,i)%w :

w

for all x € X and all 7 € 1.

we call this “classical” because it involves only
called “traditional” [Mitra and Farkas; PRA 2022].

, but it is also
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classical compatibility 2/2

crucially:
o and communication is

® communication goes only from I to II, i.e., the above is necessarily
, see [Ji and Chitambar; PRA 2021]
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marginalizing the mother

e without loss of generality (classical labels can be copied), compatible POVMs may

be assumed to be recovered by ,l.e.,
Pl‘(l) - Z Oil,‘l,l‘g,...,xn
xj:jFAt
® the notion of *“ " for instruments lifts the above insight to the

quantum outputs
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parallel compatibility 1/2

Definition (Heinosaari-Miyadera—Ziman, 2015)

given a family of instruments {Ig(f) : A — B, }rexien, We say that the family is
parallelly compatible, whenever there exist

® a3 {How : A = Qic1Bi}ew
° 3 p(z|w, i)
such that

T = Z,u(:z;|w, )Trp, ., 0 Hal

w

for all x € X and all 7 € 1.
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parallel compatibility 2/2
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parallel compatibility VS classical compatibility
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® parallel compatibility is able to go beyond no-signaling, hence,

® parallel compatibility has nothing to do with the “no information without
disturbance” principle, because

® hence
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bridging the two camps: g-compatibility

Definition

given a family of instruments {Ig(f) : A — B, }uexien, We say that the family is
g-compatible, whenever there exist

° 3 {Heo: A — Cluew

e 3 p(z|w, i)

° 3 {D@EwD) . C = B;}pex wew icl
such that

70 =3 p(wlw, )[DED 0 H,]

w

for all x € X and all 7 € 1.
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g-compatibility as a circuit

A——> H’w C > D ’Bz’

classical compatibility: C' = B; and D®%) = id
parallel compatibility: C = ), B; and DEwi) — Trp,.irzi
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free operations for classical incompatibility

AN

® all cassically compatible devices can be created for free

e if the initial device (the dark gray inner box) is classically compatible, the final
device is also classically compatible
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free operations for g-incompatibility

AV ¥

A 4

® all g-compatible devices can be created for free

e if the initial device (the dark gray inner box) is g-compatible, the final device is also
g-compatible
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going beyond g-compatibility
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something is missing

two POVMs can only be

consider the two instruments

T () = pU, o U] Ji(e) = [0)0] e [0)0|
To(e) = (1 —p)Uy e UJ To(e) = |1)(1] @ |1)(1]

the corresponding POVMs, i.e., {p1, (1 — p)1} and {|0X0], |1)1|} are compatible, but
(even g-compatible)

except that, in a sense, they actually are!
: do Z, keep the outcome, undo the unitary, and finally do J

(in the opposite order (i.e., first 7, then Z) it would not work)
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no-exclusivity

Definition
an instrument {Z, : A — B;}.cx does not exclude another instrument
{TJ, : A — Bs},ey, whenever there exist

° 3 {Hyp: A= Clyew

°a p(z|w)

° 3 {D(x’w) C — Bl}xGX,wGW

2 (K . C = Balwew yey
such that

T, =Y pw) D" oH,], J=> KioH,,

forall z € X and all y € Y.
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no-exclusivity as a circuit

A_" Hw d . ,y.
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no-exclusivity VS g-compatibility
A—p{H,—C—D B Al C 1A
w (i, w, ) I W
2 o U > T 'L > ’Ll, ...... >
in the definition of no-exclusivity, . but the

non-excluded outcome is with agent I (agent II only has non-excluding outcomes)

intuition: it is possible to provide classical information sufficient to reconstruct the
outcome of one instrument, without introducing a level of that would
exclude the other
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conclusion
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take home messages

® no need to argue about the “correct” definition of compatibility for instruments:

° , 1.e., quantum information
transmission, either in space (quantum channel) or in time (quantum memory)

e still a lot to do to understand - are there connections with causal
order?

thank you for your attention
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