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What is “retrodiction”?
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Bayes’ theorem and Jeffrey’s retrodiction
i: input, o: output
α(i): prior, p(o|i): statistical model, ω(o): evidence

Bayes: p̃(i|ō) = p(ō|i) α(i)
p(ō)

Jeffrey: p̃(i|ω(o)) =
∑
o

p(o|i) α(i)
p(o)

ω(o)

Jeffrey’s retrodiction extends Bayes’ theorem to situations with uncertain evidence

keywords: Jeffrey’s probability kinematics, Pearl’s virtual evidence
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When is retrodiction useful?
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Fluctuation relations

Crooks’ fluctation theorem (1999)

PF (W )

PR(−W )
= eβ(W−∆F )

Crooks =⇒ Jarzynski =⇒ Clausius
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The nonequilibrium case

Far from equilibrium, or for open processes, the same approach does not work. It is
necessary to introduce some “housekeeping heat” and/or to restrict the study to
bistochastic processes.

However, defining the reverse process using Jeffrey’s retrodiction solves all these
problems.

The second law seems to arise from the laws of logic rather than from physics. This
explains the “peculiarity” of the second laws among the other laws of physics (cfr.
Eddington).
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Entropy increase in isolated systems
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Macroscopic (observational) entropy
α: density matrix
P = {Pi}i: POVM

von Neumann entropy: S(α) = −
∑
x

λx log λx

macroscopic/observational entropy: SP(α) = −
∑
i

Tr[α Pi] log
Tr[α Pi]

Tr[Pi]

von Neumann advises to use the latter to describe statistical mechanics
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Coarse-graining

this is the “Gibbsian approach” to the second law

“But what the hell is going on here?” (Tim Maudlin)

the Gibbsian coarse-graining is exactly the same as retrodiction
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Quantum retrodiction
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Petz’s transpose map

α: density matrix (the “prior”)
E : L(HA) → L(HB): CPTP linear map (the “process”)

Petz’s transpose map: Rα,E(·) =
√
α E†

(
1√
E(α)

· 1√
E(α)

)
√
α

Petz’s transpose map is CPTP linear from L(HB) → L(HA)

in the commutative case, Petz’s transpose map coincides with Jeffrey’s retrodiction
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Other candidates

s, t ∈ R

in increasing generality:

• Petz map: Rα,E(•) = α
1
2 E†

(
E(α)−

1
2 • E(α)−

1
2

)
α

1
2

• rotated Petz map: Rt
α,E(•) = α

1
2
−it E†

(
E(α)−

1
2
+it • E(α)−

1
2
−it
)

α
1
2
+it

• doubly rotated Petz map: Rs,t
α,E(•) = α

1
2
−is E†

(
E(α)−

1
2
+it • E(α)−

1
2
−it
)

α
1
2
+is

non Petz-type:

• Surace–Scandi map

convex mixtures:

• universal recovery maps (Junge et al, Sutter et al)
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Retrodiction families and their properties

Definition: a retrodiction family R takes a pair (α, E) to (E(α),Rα,E), in such a way
that Rα,E(E(α)) = α

Normalization: Rα,id = id for all α

Compositionality: Rα,F◦E = Rα,E ◦ RE(α),F

Tensoriality: Rα⊗β,E⊗F = Rα,E ⊗Rβ,F

(Tensor-stability: Rα⊗β,E⊗id = Rα,E ⊗Rβ,id = Rα,E ⊗ id)
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Retrodiction and inversion

Inverting property: if E is CPTP-invertible, then Rα,E = E−1

In this case, retrodiction becomes “objective” (independent of the prior)

In general, retrodiction ̸= inversion
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Retrodicting on retrodictions

Classically, doing the Bayesian inverse of a Bayesian inverse brings us back to the
starting point

Involutivity: for all α and E , RE(α),Rα,E = E
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Retrodiction functors

Using the language of category theory, a retrodiction functor is an involutive and
inverting monoidal functor

Among all known candidates, the only retrodiction functor is the vanilla Petz map

A retrodictor functor is a kind of inferential time-reversal, which acts not on the
category of quantum processes, but on the category of “priors and processes”

This allows us to circumvent many no-go theorems restricting time-reversal to unitary or
unital processes
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Conclusions

• In classical theory, both Jeffrey’s probability kinematics and Pearl’s virtual evidence
method lead to the same conclusion

• In quantum theory, there exist many different generalizations

• Among all candidates known in the literature, vanilla Petz is the only retrodiction
functor

• The crucial requirement is that of involutivity

• Previous no-go theorems are due to considering time-reversal on the “wrong”
category, i.e., the category of processes alone (I remember R. Werner shouting:
“bounded operators and trace-class operators are different!”), instead of the
category of processes and priors together
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