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The quantum no-broadcasting theorem states that it is impossible to produce perfect copies of an
arbitrary quantum state, even if the copies are allowed to be correlated. Here we show that, although
quantum broadcasting cannot be achieved by any physical process, it can be achieved by a virtual process,
described by a Hermitian-preserving trace-preserving map. This virtual process is canonical: it is the only
map that broadcasts all quantum states, is covariant under unitary evolution, is invariant under permutations
of the copies, and reduces to the classical broadcasting map when subjected to decoherence. We show that
the optimal physical approximation to the canonical broadcasting map is the optimal universal quantum
cloning, and we also show that virtual broadcasting can be achieved by a virtual measure-and-prepare
protocol, where a virtual measurement is performed, and, depending on the outcomes, two copies of a
virtual quantum state are generated. Finally, we use canonical virtual broadcasting to prove a uniqueness

result for quantum states over time.
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Introduction.—In standard quantum theory, physical
processes are described by completely positive trace-
preserving (CPTP) linear maps [1]. The no-broadcasting
theorem says that no physical process can broadcast an
unknown quantum state to two parties so that each party
would obtain the same statistics, via local measurements, as
would be obtained from the original state [2-5]. In fact, the
theorem also applies to positive maps, without the require-
ment of complete positivity [6]. The situation changes,
however, if one lifts the positivity requirement.

In this Letter, we study broadcasting maps from the larger
set of Hermitian-preserving trace-preserving (HPTP) maps,
that is, linear maps that transform Hermitian operators into
Hermitian operators while preserving the trace. HPTP maps
have applications in the context of two-point correlation
functions [7,8], error mitigation [9-11], simulating non-
Markovian dynamics [12], and quantum states over
time [13-15], while their Hilbert-Schmidt adjoints have
been studied in the context of retrodicting quantum observ-
ables [16—18]. Physically, HPTP maps can be simulated by
sampling over a set of quantum processes and then suitably
postprocessing the measurement statistics on the corre-
sponding output states [7,8,12].

The main result of this Letter is Theorem 1, which states
that a unique HPTP quantum broadcasting map is singled
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out by three natural requirements: covariance under unitary
evolution, invariance under permutation of the output
systems, and consistency with the unique classical cloning
channel. We explicitly construct this canonical quantum
broadcasting map, and we also establish two distinct
physical interpretations for it.

First, Theorem 2 states that the optimal universal
symmetric cloning process in quantum theory can be
interpreted as the quantum channel that best approximates
the canonical broadcasting map. Second, Theorem 3 pro-
vides a realization of the canonical broadcasting map as a
probabilistic mixture of the completely depolarizing chan-
nel and a particular Hermitian operator-valued measure-
and-prepare protocol distributed over all pure quantum
states of a given system.

Finally, we show that our uniqueness result for HPTP
broadcasting yields a uniqueness result for quantum states
over time [13,19]. Quantum states over time provide a
nascent approach to quantum dynamics that is in close
analogy with spacetime physics. They have provided insights
to time-reversal symmetry [14], quantum Bayesian infe-
rence [5,14,20-23], and dynamical measures of quantum
information [24]. Such quantum states over time also
specialize to the pseudo-density matrices associated with
timelike-separated Pauli measurements on systems of
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qubits [19,25-27]. From the perspective of quantum states
over time, the output of a HPTP broadcasting map is a state
over time associated with a system that has evolved accord-
ing to trivial dynamics. As such, while the no-broadcasting
theorem states that quantum broadcasting cannot be realized
as a quantum state at a single time, our virtual broadcasting
theorem implies that quantum broadcasting may be dynami-
cally realized as a quantum state over time, and moreover,
that such a dynamical realization is unique.

Virtual broadcasting maps.—Let us start by introducing
some notation that will be used throughout the Letter. For
an arbitrary quantum system S, we denote by Hg the
corresponding Hilbert space, and by Lin(S) the algebra of
all linear operators on Hg. The real vector subspace of
Hermitian operators will be denoted by Herm(S), while its
affine subspace of unit trace operators will be denoted by
Herm,(S). The convex subspace of all quantum states
(positive matrices with unit trace) of system S will be
denoted by St(S). We denote the identity operator in Lin(S)
by I and the identity transformation acting on Lin(S) by Z.

Let S, S;, and S, be three quantum systems all with the
same underlying Hilbert space, whose dimension is denoted
by d. Let S|, be the composite system made of subsystems
Sy and S, and let Hg, 5, = Hs, ® Hs, be the corresponding
Hilbert space. For an operator O €Lin(S,S,), the partial
trace over the Hilbert spaces H, and H, will be denoted by
Trg, [O] and Tr, [O], respectively. A broadcasting map from
Sto S, is alinear map B: Lin(S) — Lin(S,S,) satisfying
the conditions

Trg, [B(p)] = Trg [B(p)] =p  ¥peLin(s). (1)

We refer to Eq. (1) as the broadcasting condition. Note that
the broadcasting condition automatically implies that the
map B must be trace preserving.

A Hermitian-preserving map that satisfies the broad-
casting condition (1) will be referred to as a virtual broad-
casting map. Examples of virtual broadcasting maps abound
(see Appendix C of the Supplemental Material [28]), and
this nonuniqueness is in stark contrast with the properties of
broadcasting in classical probability theory, where the
assumption of positivity singles out a unique broadcasting
map that perfectly copies all pure states of a classical system.

A classical system with d distinct pure states can be
thought of as a d-dimensional quantum system that has
undergone a complete decoherence process with respect to
a fixed orthonormal basis {|i) }¢_, representing the classical
pure states of the system. The decoherence map with
respect to such a basis is then given by the channel D
defined by sending p to D(p) := > ¢ (ilp|i)|i){i|. Given
orthonormal bases {|i);, }%, and {| j>0ut}7°:”‘l for an input
system S;, and an output system S,,, respectively, a
classical map from S;, to S,, with respect to these
bases is a linear map C: Lin(S;,) — Lin(S,,) satisfying
Dyuwio Co Dy, = C, where Dy, and D, are the decoherence

maps associated with the given bases for S;, and S,y
respectively. In the broadcasting case, the output system
Sout = 515, consists of two copies of system S, equipped
with the product basis {i) ® [j)}¢;_;. A linear map
B: Lin(S) — Lin(S,S,) is classical whenever it satisfies
B = (D ® D)o Bo D. A classical broadcasting map is
then a classical map B, satisfying the broadcasting con-
dition for the density matrices that are diagonal in the
classical basis, i.e.,

Trg, [Ba(p)] = Trs, [Ba(p)| =p VpeDiag(s), (2)

where Diag(S) = {>_; pi|i)(illp; 20V i,3; p; = 1} is
the set of diagonal density matrices. The classical broad-
casting condition (2) is satisfied by the map B uniquely
determined by the condition

Ba(li)(l) = oyl (il @ i) (i| Vi.je{l.....d}. (3)

which copies the diagonal pure states |7) (i| and their convex
combinations, in analogy with the classical copy map, and
decoheres off-diagonal elements.

With the notation in place, we can now state the main
result of this Letter, which is that a unique virtual broad-
casting map is singled out by three natural requirements.

The first requirement is covariance under unitary
evolution, which corresponds to the condition

BUpU")=(UU)B(p)(URU)" Vp, VU, (4)

where U €Lin(S) is an arbitrary unitary operator and
p€Lin(S) is an arbitrary operator.

The second requirement is invariance under permutation
of the copies, which corresponds to the condition

SWAPB(p)SWAP = B(p) Vpelin(s), (5)

where SWAP €Lin(S,S,) is the unitary operator de-
fined by the relation SWAP(|¢)® |w))=|y)®|p).
v |). w) eC.

Finally, the third requirement is consistency with
classical broadcasting, which says that if the inputs and
outputs of a broadcasting map are subject to decoherence,

then the action of the map B should coincide with the action
of the classical broadcasting map, i.e.,

(D ® D)o Bo D =By, (6)

where D is the decoherence map. It is worth stressing that a
covariant broadcasting map that satisfies the classical
consistency condition with respect to a single basis nec-
essarily satisfies classical consistency with respect to every
basis (see Appendix B of the Supplemental Material [28]
for a precise statement and proof).
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Theorem 1 (the virtual broadcasting theorem).—The
conditions of unitary covariance, invariance under permu-
tation of the copies, and consistency with classical broad-
casting single out a unique virtual broadcasting map B,
given by

B(p)z%{p@[,SWAP} vpelin(s).  (7)

where {A, B} := AB + BA denotes the anticommutator.

Note that Hermitian-preservation of B is a consequence,
rather than an explicit assumption, of Theorem 1 (whose
proof can be found in the Appendix below). In light of
Theorem 1, we henceforth refer to the virtual broadcasting
map B given by (7) as the canonical broadcasting map. In
the case of qubit systems, Ref. [19] showed that the
expression for B(p) coincides with the pseudo-density
matrix of Ref. [29], which captures the statistics of two-
time measurements assuming trivial evolution between
measurements. For arbitrary qudit systems, the output of
the canonical broadcasting map coincides with the real part
of the two-point correlator of Ref. [7,8]. The canonical
broadcasting map also appears in the construction of
quantum states over time [13-15], whose relation to
quantum dynamics is analogous to spacetime and its
relation to classical dynamics.

In what follows, we provide three further results regard-
ing the canonical broadcasting map. First, we show that the
universal quantum cloning process can be characterized as
the optimal physical approximation to the canonical broad-
casting map. Second, we show the canonical broadcasting
map may be realized as a convex combination of a virtual
measure-and-prepare protocol and the completely depola-
rizing channel. Finally, we show that the virtual broad-
casting theorem yields a uniqueness result for quantum
states over time.

Optimal physical approximation to virtual broadcasting.—
The universal symmetric optimal cloning process corre-
sponds to the quantum channel B : Lin(S) — Lin(S,S,)
given by

2

VpelLin(S), (8)
where IT* = 1 (I ® I = SWAP) [30-33]. We refer to the
map B* as the universal cloner for short.

The main result of this section yields a characterization
of the universal cloner as the optimal physical approxima-
tion to the canonical virtual broadcasting map. For quanti-
fying this optimality we use the distance induced by the
diamond norm [34-36] (which is related to the completely
bounded trace norm [37,38]), which, for any Hermitian-
preserving map L£:Lin(S;) — Lin(S,), is defined by

1£]o = max[|(Z3 ® L) (@)];. ©)

where the maximum is taken over all bipartite density
matrices @ € St(S3S;), where S; has underlying Hilbert
space equal to that of S|, and || - ||, is the trace norm.

Theorem 2.—The universal cloner is the unique quantum
channel that minimizes the diamond distance to the
canonical broadcasting map 3; more precisely,

min ||[B-E&|,=d-1, (10)

& channel

and the unique minimum is attained at the quantum
channel £ = B*.

The proof of Theorem 2 appears in Appendix E of the
Supplemental Material [28]. It uses the spectral affine
decomposition of the canonical virtual broadcasting map
into two physical quantum channels given by

1 -1
_dt g _d-lp (11)

b 2 2

where B~ (p):=[2/(d—1)]IT" (I ® p)II~ for all p €Lin(S).
The decomposition (11) was first proved in Ref. [7],
and the map B~ may be viewed as the universal anti-
symmetrizer. Note that the decomposition (11) also yields a
direct physical interpretation and an experimental realiza-
tion of the canonical virtual broadcasting map 5 [7,8], as it
implies that 5 may be simulated by a suitable postprocess-
ing of the data obtained via measurements associated with
the physical processes B* [see Appendix D of the
Supplemental Material [28] for a proof of (11) and addi-
tional details, which includes Ref. [39]].

Realization of the canonical broadcasting as a virtual
measure-and-prepare protocol.—As the canonical broad-
casting map is a virtual process, in this section we extend
the notion of a measure-and-prepare (M&P) protocol to
what we refer to as a virtual M&P protocol. We then show
that the canonical broadcasting map may be written as a
convex combination of a particular virtual M&P protocol
and a physical M&P protocol.

Let (M;)i_; be a collection of Hermitian operators
satisfying the normalization condition Y% | M; =1.
When all the operators M; are positive semidefinite, the
above collection forms a positive operator-valued measure
(POVM) and represents a quantum measurement. In the
general case, we refer to the collection (M j)f:l as a
Hermitian operator-valued measure (HOVM), and the appli-
cation of such an HOVM to a trace-one Hermitian element is
referred to as a virtual measurement. A trace-one Hermitian
element p € Herm, (S) is then referred to as a virtual state.
Applying a HOVM (M)}_, to a virtual state p € Herm (S)
givesrise to asigned measure u,,(j) == Tr[M ;p| satisfying the
normalization condition ) _; u,(j) = 1.

Given a HOVM (M j)le on an input system S;, and a
collection of virtual states (pj)f:l on an output system Sy,
one can construct a virtual measure-and-prepare protocol,
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mathematically described by the HPTP map M defined by
sending p to M(p) = >, Tr[Mp]p;. Note that the set of
all virtual M&P protocols from S, to S, is affine, and
hence, in particular, convex: for every two virtual M&P
protocols M and M'’, and for every probability p € [0, 1],
their convex combination pM + (1 — p)M’ is also a
virtual M&P protocol.

We now define two virtual M&P protocols M and M’
with a convex combination yielding the canonical broad-
casting map B. The first virtual M&P protocol M is
constructed by associating every pure quantum state y :=
lw)(p| with a virtual state

[(d+2)y 1] (12)

N =

pl// =

and by defininga HOVM with operators M,, := dp,,, labeled
by a continuous set of outcomes y of rank-one projectors
(see Appendix F of the Supplemental Material [28]
for the precise definitions and details, which includes
Refs. [40—42]) and satisfying the normalization condition
M wdy = I, where dy is the normalized unitarily invariant
measure. The virtual M&P protocol then consists of apply-
ing the virtual measurement M,,dy and preparing the two-
copy virtual state p,, ® p,, conditioned on the outcome .
The overall action of this process is given by the HPTP map

M(p)= [ Tili,plp, ®p,dw ¥peLin(s). (13

The second virtual M&P protocol is the completely
depolarizing channel defined by preparing two copies of
the maximally mixed state, regardless of the outcome of the
measurement on the input system. Namely, M’ is the
channel given by

M (p) = Trp] (é@é) Vpelin(s). (14)

The canonical broadcasting map B is a convex combi-
nation of M and M/, as illustrated by the following theorem
(see Appendix G of the Supplemental Material [28] for a
proof, which includes Ref. [43]).

Theorem 3.—The canonical broadcasting map B can be
decomposed as

B=pM+(1-p)M', p:= (15)

where M is the virtual M&P protocol given by (13) and
M’ is the completely depolarizing channel given by (14).

In light of Theorem 3, we can think of the canonical
broadcasting map B as realized by the following process:
First, toss a biased coin with probability p of getting heads.

If the outcome is heads, perform the HOVM {M,, },, and

prepare the virtual state p,, ® p,, if the outcome of the
measurement is y [since the probability that the outcome is
exactly y is zero, and similarly for the preparation of two
copies of p,,, the rigorous meaning here is captured by the
integral expression in Eq. (13)]. If the outcome is tails,
prepare two copies of the maximally mixed state. Note that,
since the set of virtual M&P protocols is convex, we can
think of the above randomization as a single M&P protocol.

Canonical states over time from virtual broadcasting.—
If B is a broadcasting map and £: Lin(S;) — Lin(S,) is a
quantum channel, then for every state pe&St(S;) the
element Exp €Lin(S,S,) given by

Exp = (T ®E)(B(p)) (16)
is an example of a quantum state over time associated with
the process of p evolving under the channel £ More

generally [13,14,19], a quantum state over time is an
element Exp € Lin(S,S,) such that

Trg, [EXp] = p and  Trg [Exp] = E(p).  (17)

As & and p vary, the assignment *: (£,p)
ExpelLin(S;S,) is then referred to as a state over time

function. A state over time function given by (16) for some

broadcasting map B is said to satisfy the broadcasting
condition. This condition can be derived as a consequence
of consistency with probabilistic mixtures of states and
consistency with postprocessing via arbitrary quantum
channels and measurements (see Appendix H of the
Supplemental Material [28] for details and an operational
derivation of the broadcasting condition).

A quantum state over time encodes spatiotemporal
correlations that result in the process of a state evolving
according to a quantum channel, and it serves as a quantum
analog of a joint probability distribution [13,19]. Unlike
quantum states at a fixed point in time, quantum states over
time are not positive in general, indicating a further analogy
with the Lorentzian signature of spacetime, as opposed
to the Riemannian signature of a spacelike hypersurface
[44.,45].

An axiomatic study of state over time functions was
initiated in Ref. [19], and Ref. [13] used the canonical
broadcasting map in formula (16) to give the first example
of a state over time function satisfying the axioms put forth
in Ref. [19]. While Ref. [15] has recently proved that the
state over time function constructed in Ref. [13] is uniquely
characterized by a different list of axioms, we provide an
alternative characterization as a direct corollary of our
virtual broadcasting theorem. For this, we formulate three
conditions for state over time functions, which under the
assumption of the broadcasting condition (16), are in fact
equivalent to the conditions appearing in the virtual broad-
casting theorem.
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First, a state over time function % is said to be covariant
whenever

U V)(Exp) =EXU(p) YpeStS,) (18)

for all pairs of quantum channels &, & satisfying Vo £ =

E'oU for some unitary channels I/ and V. Second, a state

over time function % is said to be permutation invariant
whenever

SWAP(Z#p)SWAP = Txp VYpeSt(Ss,).  (19)

Finally, a state over time function x is said to be classically
consistent whenever

(D ®D)(EXD(p)) = EXap, (20)

where D and D' are the decoherence maps on the
domain and codomain of &, respectively, Exp :=
(Z ®E)(Balp)), and £ is a channel satisfying D'o & =
Eo D (so that & commutes with the application of
decoherence maps on the input and outputs).

Here, the permutation invariance condition coincides
with the “time-reversal symmetry” axiom of Ref. [15],
while the covariance and classical consistency conditions
do not appear as axioms in Ref. [15]. Requiring these
conditions singles out a unique state over time function:

Theorem 4.—Let x be a state over time function
satisfying the broadcasting condition (16). If * is covariant,
permutation invariant, and classically consistent, then

Exp= (T @®EBY)] Y(Ep). (1)
where B is the canonical broadcasting map.

Proof of Theorem 4.—Since x satisfies the broadcasting
condition (16), the associated broadcasting map B is given
by B(p) = Ixp. Moreover, % is covariant, permutation
invariant, and classically consistent, so that B is as well.
Hence, Theorem 1 implies (21). ]

Conclusions.—In this Letter, we have proved the virtual
broadcasting theorem, which states that a unique
Hermitian-preserving broadcasting map is singled out by
the natural conditions of covariance, permutation invari-
ance, and consistency with classical broadcasting. While
not a genuine physical process, the canonical virtual
broadcasting map is an affine combination of the physical
processes corresponding to the universal quantum cloner
and the universal quantum antisymmetrizer. Moreover, we
showed that the universal quantum cloner is the optimal
physical approximation to our canonical broadcasting map
with respect to the diamond norm. We also showed that the
canonical virtual broadcasting map is a convex combina-
tion of a virtual measure-and-prepare protocol and the
completely depolarizing channel. Finally, we extended the
conditions of the virtual broadcasting theorem to analogous

conditions for quantum states over time, thus yielding a
uniqueness result for state over time functions under
minimal assumptions.
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Appendix: Proof of Theorem 1.—Let B be a broad-
casting map that satisfies covariance under unitary evo-
lution, invariance under permutations of the copies, and
consistency with classical broadcasting. The classical
consistency condition implies that the broadcasting map
B acting on a diagonal pure state, after the action of
decoherence on its outputs, should coincide with the
unique classical broadcasting map B, i.e.,

) (il @ [i){i]
=(D®D)B([i)(il)
= _ClKIBU DN G ® k) (k| Vield), (A1)

where [d] :={1,...,d}. By linear independence of the
basis {|j) (k| ® |m)(n|}, this implies

GIKIB(a) DI k) = 60

Since B is trace preserving by the broadcasting condition,
B(]i)(i|) is a trace-1 operator. Hence, the above equality
implies that B(|7) (i|) can be written as

Vij.keld. (A2)

B(|i) i) = [i){i] ® [i)(i| + O;, (A3)
where O; is an operator satisfying
(IKOipIk) =0V j, keld]. (A4)
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The following Lemma determines the form of the
operator O;.

Lemma 1.—The operator O; defined in Eq. (A3), for a
covariant and classically consistent broadcasting map B, is
of the form

0; = 1, SWAP(Ji) (il ® P,) + ;(Ji) (il ® P,)SWAP,
(A3)

where 4;, v; are complex numbers and P := [ — |i)(i| =
i l7) Gl

Proof—Let U, be the set of all unitary operators U of the
form U = |i)(i| @& V, with V an arbitrary unitary operator
acting on the subspace H, := P, H = SWAP{|j):j # i},
where H is the underlying Hilbert space of the quantum
system. Since the operator U satisfies the condition
Uli) = |i), we have

)l @ |)(i] + O;
= B([i) i)
= B(Ui)(ilU")
= (U U)B(i)(i)(U ® U)'
= (U U)(li){il ® i)(i] + 0;)(U ® U)'
= |

i)l @ [i){il + (U ® U)0;(U ® U)", (A6)

where the third equality follows from the covariance of the
map B.

The above equality is equivalent to the fact that the
operator O; satisfies the commutation relation

[0, UQU|=0 YUEeU, (A7)

The implications of this commutation relation can be
worked out explicitly using the representation theory of
the unitary group. The operators

U@ U= (){il @ [i)il) & ()l ® V)

e(Valhi)e(VeV) (A8)

form a reducible unitary representation of the group
U(d — 1) on H ® H. This representation has five orthogo-
nal irreducible subspaces inside H ® H, namely,

H, = Span{i)|i)},

H, = Span{|i)|¢):$) €H .},
H; = Span{|¢)|i):¢) €M},
Hy = Span{|p)|¢):¢) €M . },
Hs == Span{Il~|¢)|y):¢) €H, .

w)EHL} (A9

where IT~ := 1 (I ® I — SWAP) is the projector onto the
antisymmetric subspace of H @ H, which also restricts
to the projector onto the antisymmetric subspace of
H, ® H, [the four invariant subspaces H;, H,, Hs,
and H4 @ Hs inside H @ H correspond, respectively, to
the actions obtained from the (|){(i| ® |i){i|), (|i){(i| ® V),
(V®|i){i]), and (V ® V) direct sum components of
U ® U]. By Schur’s lemma [46,47], the commutation
relation (A7) implies that O; must be a linear combination
of the unitary equivalences 7',: H; — H,, provided they
exist. Furthermore, for k = [, the isomorphism 77, is just
the identity, or equivalently the projector onto the subspace
H, when viewed as an operator on H ® H. Explicitly,
these projectors are given by

Ty = [i)(i] & [i){il

Ty = [i){i| ® Py

T3 =P, Q [i)i
Ty +Tss=P, QP,. (A10)

For k # 1, the only values of {k,/} corresponding to
equivalent representations are {2,3}. The two intertwiners
between the subspaces H, and H; are

Tyo= Y _|i)il ® li)(j| = SWAP([i)(i| ® P.).
J#i

Ty =T, = (|i)(il ® PL)SWAP,

since T3,(|0)|¢)) = |p)]i) and Ta3(|@)]i)) = |i)|¢p) for all

|p) € H | . Hence, we must have

0;= Zakkak +axTy + anTsy
K=

(Al1)

(A12)

for some set of complex coefficients {ay,; }. Combining the
relations (A10) with Eq. (A4), we obtain

ayy = (i|(il0y]i)|i) = 0,

ay = (i|(j|Oi])|j) =0V j#i,

azy = (JjI(i{0i]j)]i) =0 ¥V j#i

ag = (U101 =0 ¥ j#i,

ass = (jI(k|lOi|j)[k)y =0V jk#i  (Al3)

Defining 4, := as, and v; := a,3, and using Eq. (Al11), we
then obtain Eq. (AS). m

We now proceed to proving Theorem 1. Using Lemma 1,
Eq. (A3), and assuming invariance under permutation of
the copies for 3, we obtain

AiT3 +viTy = O;
— SWAPO,SWAP
= ATy +vTs, (Al4)

where we used the notation from Eq. (A11). Hence, v; = 4;.
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Now, combining Lemma 1 with Eq. (A3), we then obtain

B(li)(il) = [0) (il @ [i){i] + 4:SWAP([i){i| ® P.)
+ 2;(Ji)(i| ® P, )SWAP
= (1 =22)[0) (| @ i) (i| + A:SWAP([0)(i| ® 1)
+ 4;(]i){i] ® I)SWAP. (A15)
Now, let [y) € H be an arbitrary unit vector, and let W be a
unitary operator such that W|i) = |w). The covariance of
B implies
B(lw)(wl) = BW|i)(i|w")
= (W ® W)B(|i)(i)(W @ W)
= (1 =24) ) (wl| & |w) (v
+ A, SWAP(ly) (w| ® 1)

+ 4i(ly) (w| ® 1)SWAP (A16)

because (W® W,SWAP] =0 = [W' ® W', SWAP].

Equivalently, the above equation reads

B(|y) (w|) — 4, SWAP(Jy) (w| @ 1) — 4;(|y) (w| ® ) SWAP

— (1-22)lv) w| @ w) . (A17)
Recall that |y) is an arbitrary unit vector. For the above
equation to hold for every |y), one must have 24, = 1 in

order for B to be a linear transformation. Therefore,
A; = 1/2, and we obtain

Bllw) wl) = 5 SWAP() (v ®1) + 5 (1) (y] © )SWAP

:%{SWAP,

V)W ®I} Viw)er.  (A18)

Since the map B is linear and the projectors |w) (/| form a
spanning set for Lin(S), this identity concludes the proof of
Theorem 1. u
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Appendix B: Basis independence of classical consistency
In this section we show that for any covariant broadcasting map B, the notion of consistency with classical broad-
casting is independent of the basis used to formulate the notion. The precise statement is the following:

Proposition 1 Let {|i)}L, and {U]i)}L, be two orthonormal bases for a quantum system S, where U is a unitary
operator, and let D and D' be their corresponding decoherence maps. Then a covariant broadcasting map B satisfies
the classical consistency condition

(DeD)oBoD =B, (B1)
if and only if it satisfies
(D' ©D)oBoD = B, (B2)

where B, is the classical broadcasting map uniquely determined by
By (Uli)(G|U) = 6:;U10)(6|UT @ U[i) (iU (B3)
foralli,je{l,...,d}.
Proof of Proposition [l First, note that
Ba=DP®I)op oD=(ZRD)op*oD=(DRD)ou* oD, (B4)

where p* is the Hilbert—Schmidt adjoint of the multiplication map u : Lin(S1) ® Lin(S2) — Lin(.S), the latter of which
is uniquely determined by p(A; ® As) = AjAs for all Ay € Lin(Sy), A2 € Lin(S2). Indeed, temporarily writing
U:=(D®Z)opu* oD, one finds

U(|i)(j]) = (D @ I) (1" (3351} il))

d
=0,;(D®I) ( i) (k| ® Ik><il>

k=1
d
= dij Y Suli) (i @ |i) (i
k=1

= 8i518) (il @ [d) (il = Ba(|9) (4]), (B5)
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where the second equality follows from [1, Lemma 3.39]. A similar calculation shows the other identities in (B4).
Second, note the relations

D'=UoDold™! (B6)
and
U opoUU) = p, (B7)

where U is defined by U(A) = UAUT for all inputs A. The former is an immediate consequence of the definitions and
the latter follows from setting ® := U ~! o o (U ® U) and verifying by the computation

(A1 ® Ag) =U T (W(UAUT @ UAUY))
=UHUALAUT)
= A1A2 = ;L(Al ® AQ) (BS)

Therefore, if B satisfies the classical consistency condition (BIl), then
(D@D )oBoD' =UU) o (D®D)o U ' @U )oBoldoDold™*
=URU) o (D®D)oBoDold™*

=URU)oByol™?
=B, (B9)

cly

where the first equality follows from the interchange law of ® and o, the second equality follows from covariance
of the broadcasting map B, the third equality follows from the assumption (BI]), and the last equality follows
from (BG)), (B7), and the definition of B/;. Thus, (B2) holds. A similar calculation shows the converse, namely if B
satisfies the condition (B2]), then it satisfies the classical consistency condition (BI]). B

Appendix C: A one-parameter family of virtual broadcasting maps
Given X € R, let By : Lin(S) — Lin(S1S2) be the map given by
1
Ba(p) :== B {p® I,SWAP} + i\ [p ® I, SWAP], (C1)

where i :=1/—1 and [A, B] := AB — BA denotes the commutator.

Proposition 2 The map By is a virtual broadcasting map that is covariant and classically consistent for all A € R.
Furthermore, By is invariant under permutation of copies if and only if A = 0.

We first prove two lemmas.
Lemma 1 Let U : Lin(S) — Lin(S) be the map given by U(A) = UAU' for a unitary U € Lin(S), and let p :
Lin(S152) — Lin(S) and i : Lin(S152) — Lin(S) be the maps corresponding to the unique linear extensions of the
assignments (A1 ® Ag) = A1As and (A1 ® As) = A Ay. Then
UopoU ' @U™ ) =pn (C2)
and
UofioU T @U) = ji (C3)

Proof of Lemma [1] Eq. (C2)) is equivalent to Eq. (BT), which was proved in The proof of (C3) is similar. W

Lemma 2 Let D be a decoherence map with respect to some orthonormal basis. Then D = D*, where D* denotes the
Hilbert-Schmidt adjoint of D.



3

Proof of Lemma [2] The rank-one projectors {|#)(i|} form a set of Kraus operators for D, i.e., D(p) = Zle ) (i|ple) (3]
for all states p. Since the Kraus operators are self-adjoint, and because the Hilbert—Schmidt adjoint of a map is given
by the adjoint of the Kraus operators, D* =D. R

Proof of Proposition 2] We first show that By is a virtual broadcasting map for all A € R. For this, let {|i)}¢_; be
an orthomoral basis of S. Then

Trs, [(p @ D)SWAP] = Trs, | Y pli)(il @ [5)(il | = D_{leli)i) (il = Y i) Gleli) (il = p (C4)

1,] 2,7 2,7
for all p € Lin(S). A similar calculation yields Trg, [(p ® I)SWAP| = p, from which it follows that By satisfies the
broadcasting condition for all A € R. To show B is Hermitian-preserving, we prove that By is f-preserving, i.e.,
By(AT) = BA(A)T for all A € Lin(S), which is equivalent. For this, we first note that SWAPT = SWAP, which immediate
follows from the formula SWAP = 3, . |i)(j| ® [j)(i|. For all A € Lin(5), we then have

%{(AT ®1I),SWAP} = = {(AT ® I),SWAPT} = %{(A@I),SWAP}T, (C5)

N~

and
Xi [(AT @ I),swAP] = Xi [(AT @ 1), SwAPT] = (=i [swaP, (A @ 1)])T = (Xi[(A @ I)swaP])' (C6)

from which it follows that By(A") = By(A)T, as desired.
Now let U € Lin(S) be unitary. To prove B is covariant, note that B) is covariant if and only if

UoBioU U™ =B, (C7)

where Bj is the Hilbert—-Schmidt adjoint of By. Moreover, since

By = (it )+ N — i), (C8)

where ;1 and i are as in Lemma[ll Egs. (C2)) and (C3)) imply that (C7) indeed holds. Hence, By is covariant.
To prove B, is classically consistent, let D be a decoherence map with respect to some orthonormal basis. By (B4),
B, is classically consistent if and only if

DoBio(D®D)=Douo(D®D) (C9)
since D* = D by Lemma[2l Moreover, it follows from (C8)) that
[A,B]=0 = B}(A®B) = n(A® B), (C10)

and since [D(A), D(B)] = 0 for all A and B, it follows that (C3)) indeed holds.
Now we show B) is invariant under permutation of copies if and only if A = 0. First, note that B) is invariant
under permutation of copies if and only if By = v o By, where 7 is the lexicographic swap isomorphism given by

~(p) = SWAP p SWAP (C11)
for all p € Lin(S). Now if A = 0, then it follows from (C8)) that By may be written as
1 * *
Bo= 5" +you’), (C12)

which, together with the fact that v o~ = Z, implies By = v o Byg. Thus, By is invariant under permutation of copies.
For the converse, suppose B) is invariant under permutation of copies. Since B) may be written as

By = %(u*ﬂou*)ﬂz\(u* —youb), (C13)
the equation By = v o B) implies
A" —yopu™) =iXyopu" —p*), (C14)
which is equivalent to the condition
AMA, B] = \[B, 4] (C15)

for all A, B, which holds if and only if A\ = 0 for a quantum system S of dimension d > 1. B



Appendix D: Proof of Equation (11), the spectral affine decomposition of virtual broadcasting

The Choi operator 2] of the canonical broadcasting map
1
B(p) = 3 {p® I,SWAP} Vp € Lin(S) (7)
is given by
CB):=BI)(Q)), (D1)
where Q =}, . [i6)(jj| = 32, ;1) (4] ® [)(j]- This can be explicitly computed as

Z Ly @ 1, suap) @ liy (g
=3 Z (i1 @ Dsuap)  liy(j] + (suap(i) | © 1)) @ 1i) ()
=5 Z ((swap(r @ 10)31) @ i) (il + (U @10} (G1)5WAP) & [i) ()

= 3 3 ((swaPi> ® Fy)(1y © i) () + (1 © i) (i) (SWAP2 © T))

4,7
1
= 5{3WAP12®I3,11 ®Q23}7 (D2)

where the property (A ® B)SWAP = SWAP(B ® A) was used in the third equality. In the above equation, indices have
been included to identify the appropriate tensor factor for additional clarity; namely, spaces labeled “1” and “2”
represent the output of B, while “3” represents the input. It then follows that

C(B)=B* - B, (D3)
where
Bt = (II* @ I3)(I) ® Qa3)(ITF © I3) (D4)

and IT* = £ (I4SWAP). This already shows that C(B) is a difference of two positive operators, so that B is the difference
of two CP maps. However, these CP maps are not trace-preserving, so to obtain genuine quantum channels, we analyze
the operators B* in more detail. First, note that similar calculations yield the identities

A d+1 PN d—1 4 A oA

BtBT = ;— Bt B™B” = TB* Bt*B™ =0, (D5)

which implies BT := %Bi are both orthogonal projectors. It then follows that

d+1 d—1
C(B) = it B~ (D6)
2 2
is the spectral decomposition of C(B) into its positive and negative eigenspaces. Moreover,
Trs, s, [Bi] =1, (D7)

which, by the fact that a linear map & : Lin(Sin) — Lin(Sout) is trace-preserving if and only if Trg_,[C(E)] = Iin,
guarantees the B* are the Choi operators of quantum channels B*. Therefore, we set B* : Lin(S) — Lin(S1.592) to be
the quantum channels given by the inverse of the Choi isomorphism applied to B*, i.e.,

B*(p) = Trs, [BF (L2 ® p")] = mnia @ p)I*  Vp € Lin(9), (DS)

where p? denotes the transpose of p in the standard basis. Thus, B is precisely the universal optimal quantum
cloner [3] and B~ is the universal anti-symmetrizer. By a calculation similar to that of the above calculation for C'(B),
we find

2 p

+\ _

(D9)



which together with (D3] yields

C(B) = d‘; Lowh - %O(B—). (D10)

The injectivity of the Choi isomorphism then yields the equality

d+1 d—1
B= ; Bt — 5 B, (D11)

which is exactly Eq. (11). B

We remark that the decomposition in Eq. (11)/(DII) immediately suggests a possible strategy to physically estimate
the expectation value of any observable on any state, under the action of the map B, even though the latter is
unphysical. This is because, by linearity, any expectation value Tr[B(p) (01 ® O23)] is equal to a linear combination of
the expectation values Tr[B*(p) (O1 ® O3)] and Tr[B~(p) (O1 ® O2)], each of which can be obtained via the action of
physical quantum channels, namely, the maps B*. This idea was proposed in Ref. [4], which also presented a simple
optical implementation for the case d = 2.

Appendix E: Proof of Theorem 2

Using the notation from Appendix [D] we now compute the diamond norm ||B]|, of the canonical broadcasting map
B. First, we have

1
1Bllo > 5 [lCB)]],
1 /d+ 1 d -1
= —— Tr[B™
-1 ( i)
1 d(d—1)
d 2
—d. (E1)
The first inequality follows from the definition of the diamond norm
£l := max [[(Z3 @ L£)(w)]h (9)

for any Hermitian-preserving map £ : Lin(S;) — Lin(S2) as a maximization over bipartite states, one of which is
10 = %szzl [i)(j| @ |i){j|. The first equality follows from the spectral decomposition (DG]) into the mutually

perpendicular positive and negative operators %B"’ and —%B_ together with the fact that the trace norm equals

the sum of the singular values, which are the absolute values of the eigenvalues in this case. The second equality
follows from (D7).

On the other hand, Theorem 3 of Ref. 5] states that given a Hermitian-preserving linear map £ proportional to a
HPTP map (i.e., L*(I)  I), its diamond norm can be computed as

[£]lo = min{Ay + A}, (E2)

where the minimum is taken over all pairs of non-negative real numbers Ay, A\_ > 0 such that there exist two CPTP
maps ET and £~ satisfying £ = AT — A_E~. The decomposition (DI1]) together with (E2) then yields

d+1 d-1
1Bl < =+ S = d. (E3)

Therefore, ||B||o = d.
Now let £ be an arbitrary CPTP linear map. By invoking the reverse triangle inequality, we have

1B —Elle = |[IBllo = I€]lo| =d—1 (E4)



where the equality follows from the fact that the diamond norm of a CPTP map equals 1. Theorem 2 is then proved
once we show that the above lower bound ||B — £||s > d — 1 is achieved if and only if £ = BT. Indeed,

d—1 _ d—1 _
18— B* o = =18 = B lo < S (1B o + 187 )) =d—1 (5)

by the triangle inequality and since the diamond norm of a CPTP map is 1. This together with (E4) proves ||B—B*||, =
d — 1, so that BT achieves the lower bound given by ([E4]).

Conversely, suppose € is a CPTP map such that ||[B — £||s = d — 1, and let £* be the maps given by £*(p) =
IEE(p)II* for all p. Momentarily setting

Yi:C<dilBi 5i), (E6)

we then have

d—1= HB_SHO
>|B—-EF =&

> (v =y )

= ¥+ 1Y)

= 2(I¥ s + Ty )

> (B2 nler] [+ S e

> d;1—1+d;1+Tr{8_ (é)}

—d—1+4Tr {5 (g)}

>d—1. (E7)

The first inequality in (E7)) in follows from the contractivity of the diamond norm under CPTP post-processing, i.e.,
I£lle > [|® o L]|o for all HP £ and all channels ®, and taking in particular the pinching post-processing ®(p) :=
IT+pIlt + 11~ pII~, which satisfies @ o (B— &) = B— & — £~. The second equality follows from the fact that Y+ and
Y~ have mutually orthogonal supports. The third equality follows from the fact that Y~ is a positive operator so that
the trace norm equals the trace. The third inequality follows from the reverse triangle inequality and since C(ET) is
positive. As for the last two inequalities, we used the fact that both £1 and £~ are trace-non-increasing completely
positive linear maps. Hence, for any channel £ saturating the lower bound (E4)), it must be that Tr[E~(I/d)] = 0
ie., £ =0, or equivalently, £(p) = ET(p) = ITTE(p)ITT for all p € St(9).
Using this fact, it is possible to see that, for any £ saturating the lower bound, we have

(B—&)(p) =T (10 p— )"~ L-2B(p) (E8)

for all p. Hence, the difference B — £ separates into two orthogonal blocks, so that

d—1
+— (E9)

1B —E&llo =
<& . 2

d+1,
[

since ||[B~||o = 1. Thus, any channel £ saturating the bound ||B — £||¢ = d — 1 must also satisfy

d—1
= (E10)

d+1 .,
ijﬁ ¢

Since ||€]lo = 1, as a consequence of the (conditions for saturation of the) reverse triangle inequality, we conclude
that £ =B". &



Appendix F: Hermitian operator-valued measures

The definition of an HOVM provided in our Letter in the finite-outcome case can be generalized to arbitrary
measurable spaces as follows. Let S be a quantum system with underlying finite-dimensional Hilbert space H and let
(X, 0(X)) be a measurable space, where X denotes the underlying set of the measurable space and o(X) is a o-algebra of
measurable subsets of X. Mimicking the definition of a POVM as in Ref. |[6] and that of a signed measure as in Ref. [1],
a finite Hermitian operator-valued measure (HOVM) on (X, o (X)) for S is a function M : o(X) — Herm(S) mapping
measurable subsets B € o(X) into Hermitian operators M (B) satisfying the normalization condition M (X) = I,
the finiteness condition ||[M(B)|| < oo for all B € o(X), and the countable disjoint sum condition M (U, —, By) =
>0 | M(B,,) for any countable family {B,} of pairwise disjoint B,, € ¢(X). Given such an HOVM M and a virtual
state p, the assignment sending B € o(X) to ua(B) := Tr [pM (B)] defines a finite signed measure s on (X, o(X)).

One way to construct an HOVM is by specifying its density with respect to an ordinary probability measure as
follows. Let p be a probability measure on (X, o (X)) and let M : € X — M, € Herm(S) be an integrable function
in the sense that the function sending x € X to (v|M|w) is p-integrable for all v,w € H. Then for each B € o(X),
setting M (B) := [, p(dx) M, defines an HOVM in the sense above (there is a slight abuse of notation here since M
is used as both the integrable function and the induced HOVM).

The preceding construction is precisely what is used in the first virtual M&P protocol in this Letter. Namely, the
measurable space (X, o(X)) is the Borel space obtained from the topological space of orthogonal rank-one projections
in S (which can be thought of as the complex projective space CP4~1 [8]). We equip (X, (X)) with the probability
measure given by the pushforward of the Haar measure on the compact Lie group U of unitary operators on #H (the
Haar measure on a compact Lie group is the unique normalized measure that is left invariant under the left action
of the group on itself by multiplication). More precisely, given any fixed unit length vector |v) € H, let m, be the
(surjective) measurable function sending a unitary U € U to the orthogonal rank-one projector m,(U) := U|v){v|UT.
The pushforward measure on (X, (X)) is then given by p(B) = pg (7, *(B)), where uy is the Haar measure on U. The
probability measure z on (X, (X)) is itself invariant under the adjoint action of U in the sense that u(UBUT) = u(B)
for all B € o(X) and U € U (it is the typical probability measure used to generate Haar random pure states [§]).

Meanwhile, the integrable function M : X — Herm(S) is given by sending a rank-one projector ¢ to the Hermitian
operator My = %[(d + 2)¢p — I]. The function M is indeed integrable because for every |v), |w) € H, the function
sending ¢ € X to %[(d + 2)(v]tplw) — (v|w)] is a bounded and continuous function on a compact space. Therefore,
the assignment sending B € o(X) to M (B) := [, u(dy) My defines the HOVM used in the first M&P protocol of this
Letter, where d¢ is used as a shorthand for u(dy).

Appendix G: Proof of Theorem 3

To prove Theorem 3, it is convenient to use the Jamiotkowski representation [9]. For a given linear map L :
Lin(Sin) = Lin(Sout), the Jamiotkowski operator of L is the operator J(L) € Lin(SinSout) defined by

J(L) := (Tin ® L)(SWAPip in) » (G1)

where SWAP;, i, is the swap operator on two identical copies of system Si,. For the canonical broadcasting map B, the
Jamiotkowski operator of B is given by

J(B) = %{SWAP12 ®I3,11 ® SWAng} , (GQ)

where we have used number subscripts to denote the corresponding tensor factor.
Now let M be the virtual M&P protocol given by

M(p) = [ T, plpo @ puder Vo € Lin(s). (G3)
Defining a := d + 2, the Jamiotkowski operator of M is given by
J(M) = g(a3J3 — a2J2 +aJy — Jo), (G4)

where

J3=/w®w®wdw



ng/(1®¢®w+w®l®¢+w®w®1) dy

le/(¢®l®l+l®w®l+l®l®¢) dv
Jo=I®I®l. (G5)

To compute the various J;, we recall the identity

d+M -1 1
( Y )/wwdw_MTz;ww, (G6)

" wESM

which comes from combining Eq. (3) and the equation before Eq. (21) in Ref. [10]. Here, Sps is the symmet-
ric/permutation group on the set {1,..., M} and UM) s its unitary representation as acting on permuting the tensor
factors of H ® --- ® H by that same permutation. Setting v;; := SWAP;; as the single permutation swapping factors ¢

and j, and setting M to be 1,2, 3, we obtain the relations

I
Joav=1, (@)
1
/¢®ww—dw+nm®h+mﬂ, (G8)
and
1
/¢®¢®¢d¢—3@:5@:3ﬂ%m+%mﬂv (G9)
where

Yodd = V12 @ I3 + 11 @ v23 + 113 ® L2
Yeven = (Y12 ® I3) (Y12 ® Is + I1 ® Y23 + Y13 ® I2) (G10)

are the terms coming from the odd and even permutations of Ss, respectively. Note that v13 ® I is short-hand
notation for the operator

Y13 @ I = (712 ® I3) (11 ® 7Y23) (112 @ I3). (G11)

Inserting Egs. (G7) and (G8)) into Eq. (GH) yields

J2—11®</1/)®1/) d¢>+(’712®13) <I1®/1/1®1/1d1/)) (712@13)+</1/1®¢d1/)) ® I3

1
- L&l & s+ G12
d(d+1)(3 1 ® I ® Iy + Yoda) (G12)

by Eq. (G11)) and

3
Jl:all ® Iy ® I3. (G13)

Combining these with Eq. (G9) and plugging in the results into Eq. (G4)) yields

J(M)—fl A (Yodd + )—7a2 (3I123 + )+3—al —1
“3\dd+ D) +2) Yodd T Yeven dd+ 1) 123 T Yodd g 123 123

3 3 2

- {8<d+ 1><d+2>] (teven = T120) [8<d+ EDREE 1>} Todd
a3 3a? 3a d

" {8(d+ Dd+2) 8d+1) +§‘§} T2, (G14)




where 195 := I} ® Iy ® I3. Now, since Eq. (GII)) gives
(11 ® 723) (M2 ® I3) = (712 ® I3) (713 ® I2), (G15)
we have
{712 ® I3, I1 ® Y23} = Yeven — l123- (G16)

Combining this with the relation a = d + 2 and simplifying terms in Eq. (GI4)) yields

J(M) = %{712 ® I3, 1 ®723} - [ﬁ} I123
(d+2)2] LehLel

@422 {2 ® I3, 1 @ 23}
- {4(d+1)} y - +{1_4(d+1) &2

(G17)

Recalling that J(B) = {712 ® I3, 1 ® 723}/2 and noting that the virtual M&P protocal corresponding to the
completely depolarizing channel M’ given by

M (p) = Tr[p] <§ ® é) ¥p € Lin(S). (G18)

has Jamiotkowski operator J(M’) = (I; ® I, ® I3)/d?, we then obtain the identity

(d+2)° (d+2)? )
Solving for J(B) then yields
J(M) + [fjjff) 1} J(M) ad+1)
J(B) = S = pIM)+ (1= D) J(M) = TpM+ (1 =p) M), p= {5 (C20)

where linearity of the Jamiolkowski isomorphism was used. The injectivity of the Jamiotkowski isomorphism then
yields the equality B=p M + (1 — p) M’, thus concluding the proof. B

Appendix H: The broadcasting condition for state over time functions

We recall that the broadcasting condition for a state over time function x is the assumption that for every (&, p),
there exists a broadcasting map B such that

Exp=(Z®E)B). (H1)
In this appendix, we show that the broadcasting condition for a quantum state over time can be derived as a
consequence of consistency with probabilistic mixtures of states and consistency with post-processing via arbitrary

quantum channels. We also give a more operational interpretation in terms of the Heisenberg picture.
First, a state over time function x is said to be convez-linear whenever

Ex (ZPiPi) = Z pi € * pi, (H2)

for all convex combinations . p; p;, where (p;); is a finite collection of states and (p;); is a probability distribution.
Second, a state over time function * is said to be consistent with post-processing whenever

(Fo&)xp=(I®F)Exp) (H3)

for all quantum channels £, F, and for all states p.
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Proposition 3 If a state over time function * is convex linear and consistent with post-processing, then it satisfies
the broadcasting condition.

Proof Setting F = £ and £ = Z in the post-processing condition (H3]) yields € x p = (Z ® £)(Z % p). The statement
then follows once we show that the map B given by B(p) = Z * p is a broadcasting map. Indeed, B is convex-linear
by ([{2)), and it also satisfies Trg, o B = Trg, o B = Z by the marginal condition

Trs,[E*xpl=p and Trg[E*p] =E(p). (17)
for states over time. Hence, B is a broadcasting map. B

We now provide a more operational alternative to the post-processing axiom for states over time. Namely, a state
over time function * is said to be consistent with the Heisenberg picture whenever

Trs, [(1@ F*(P))(Exp)] = Trs, [(T @ P)((F o €) %) (H4)

for all 4, every state p, every POVM (F;);, and every pair of composable channels £ followed by F. Here, F* is the
Hilbert—Schmidt adjoint of F.

Condition (4] can be justified on physical terms by considering the following measurement scheme on the state
over time £*p. For this, let the first and second factors associated with a state over time correspond to Alice and Bob,
respectively. First, Bob performs a quantum channel F on the virtual state £ p, and then measures the output of this
channel with a POVM (P;). Mathematically, the overall measurement of the channel 7 and POVM (P;) is described
by the POVM (F*(P;));. It then becomes natural to expect that the induced state on Alice’s system obtained upon
Bob performing such a measurement (F*(P;)); on the second system of the state over time & x p should be equivalent
to Bob performing the measurement (P;) on the second system of the state over time (F o &) x p. This condition is
mathematically captured by ([H4]).

Proposition 4 If a state over time function x is convex linear and consistent with the Heisenberg picture, then it
satisfies the broadcasting condition.

Proof By the arguments of Proposition [3] it suffices to prove the equivalence between (H3)) and (H4).
Assume (H3) holds. Then

Trs, [(1@ F (P))(E*p)] = Trs, (T2 F)IT @ P)) (€ p)]
=Trs, [(T @ R) (T & F)(E+p))]
— Trg, [(I@Pi)((]:og)*p)}, (H5)

where the first equality follows from the fact that Z ® F* is Hermitian-preserving, the second equality follows from
the definition of the Hilbert—Schmidt adjoint, and the last equality follows from ([H3]). This proves that (H3) implies

().

Conversely, suppose (H4) holds. Let A; € Lin(S;) and Az € Lin(S2) be arbitrary positive operators. Then
Tr (A1 @ A2)((Z @ F)(E * p)):| =Trg, [(A1 @) Trs, |(I® A2)((Z @ F)(E * p))}

~Trs, (D) Trs, [(10 7 () € )|

—Trs, (&) Trs, [(T8 A)((F 0 €)1
Ty {(A1®A2)((]-"05)*p)}, (H6)

where the first equality holds by properties of the partial trace, the second equality follows from the fact that As is
Hermitian and the definition of the Hilbert—Schmidt adjoint, the third equality follows from (H4) and linearity (by
rescaling As by its operator norm, one has H‘:—zll < I so that it can always be viewed as part of a two-element POVM),
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and the fourth equality follows by the properties of the partial trace. Since (HG]) holds for every positive A, A3, and
because every operator is a linear combination of four positive elements, it follows that

Tr (A, @ 42)((T ® F)(€ * p))] - [(A1 ® As)(Fo &) » p)] (HT)

for arbitrary A; € Lin(S7) and Ay € Lin(S2). By the faithfulness of the trace, this is equivalent to (H3]), thus
concluding the proof. B
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