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ARTICLE INFO ABSTRACT

Communicated by M.G.A. Paris Quantum statistical models (i.e., families of normalized density matrices) and quantum measurements (i.e.,
positive operator-valued measures) can be regarded as linear maps: the former, mapping the space of effects
to the space of probability distributions; the latter, mapping the space of states to the space of probability
distributions. The images of such linear maps are called the testing regions of the corresponding model or
measurement. Testing regions are notoriously impractical to treat analytically in the quantum case. Our first
result is to provide an implicit outer approximation of the testing region of any given quantum statistical model
or measurement in any finite dimension: namely, a region in probability space that contains the desired image,
but is defined implicitly, using a formula that depends only on the given model or measurement. The outer
approximation that we construct is minimal among all such outer approximations, and close, in the sense that it
becomes the maximal inner approximation up to a constant scaling factor. Finally, we apply our approximation
to provide sufficient conditions, that can be tested in a semi-device-independent way, for the ability to transform
one quantum statistical model or measurement into another.

1. Introduction

In statistics, information theory, and mathematical economics one is
often faced with the problem of comparing two setups in terms of their
expected performances on a particular task of interest. For example, one
might compare two statistical models by comparing their informative-
ness in a given parameter estimation problem, or two noisy channels
with respect to a given communication figure of merit, or again two
portfolios with respect to their expected utility in a given betting sce-
nario. The comparison could also be extended, so to ask when a given
setup is always better than another one, i.e., independent of any partic-
ular task at hand. Such “global” comparisons, generally described by a
preorder relation, play a crucial role in the formulation of mathematical
statistics.

The simplest example of one such preorder in statistics is given by
the majorization preorder of probability distributions [1-4]. Generalizing
this, we find the comparison of families comprising two or more prob-
ability distributions. The case of pairs of probability distributions (i.e.,
dichotomies) is also known as relative majorization [5-8], whereas the
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case of multiple elements is usually referred to as comparison of statis-
tical experiments or models [5-7,9].

The relevance of such preorder relations is epitomized by Black-
well’s theorem [5,6], which establishes the equivalence between the
above mentioned statistical comparisons, and the existence of a suitable
stochastic map that transforms one setup (the “always better” one) into
the other (the “always worse” one). For this reason, Blackwell’s theo-
rem and its variants provide a powerful framework for general resource
theories [10], and indeed recent quantum extensions of Blackwell’s the-
orem [11-13] have found fruitful application in the study of quantum
entanglement [14], quantum thermodynamics [15,16], and quantum
measurement theory [17-19], for example.

Mathematically, equivalence theorems a la Blackwell start from the
characterization of suitably defined testing regions, corresponding to the
statistical models at hand. In the simplest scenario, the testing region of a
statistical model {p; : 1 <i < n} is constructed as follows: for any effect
0 <7 <1, one computes the n-dimensional real vector whose i-th com-
ponent is Tr[x p;]; the collection of all such vectors, for varying effect r,
constitute the testing region of {p, };.! In other words, the testing region

E-mail addresses: michele.dallarno.mv@tut.jp (M. Dall’Arno), buscemi@i.nagoya-u.ac.jp (F. Buscemi).
1 The definition of testing region can be straightforwardly extended also to families of effects & = {x, : 1 <i < n}. In this case the region in R" to consider is the
collection of vectors whose components are given by Tr[z; p], for varying p in the set of all states.
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of a statistical model is the image of the set of effect through the linear
map induced by the former. For this reason, in what follows we will use
the terms “testing region” and “image” interchangeably. Two statisti-
cal models with the same number of elements can then be compared by
looking at their testing regions. A particularly relevant condition occurs
when the testing region of one statistical model contains that of the other
one. In the case of dichotomies, the inclusion relation for testing regions
corresponds exactly with the preorder of relative majorization [8,13].

Unfortunately, due to the non-commutativity of the underlying alge-
bra, the quantum version of Blackwell’s equivalence [11] turns out to be
more convoluted than its original classical variant. One reason for this
is that testing regions quickly become impractical to treat analytically.?
This is particularly evident already in the case of relative majorization:
while classical relative majorization can be summarized in a finite col-
lection of easily computable inequalities [5,8], in the quantum case
(with the notable exceptions of qubits [20,21]) an infinite number of
scalar inequalities must be evaluated [13]. The situation becomes even
more cumbersome in the case of quantum statistical models [11].

In this paper, in order to shed more light on the structure of quantum
testing regions, we provide techniques to construct implicit approxima-
tions of the testing region of arbitrary quantum statistical models and
measurements, in any finite dimension. More precisely, we construct
conic regions in probability space that contain (outer approximations),
or are contained (inner approximations) by, the desired testing region.
Such approximations, unlike the testing region, can be defined implic-
itly, using a formula that depends only on the given setup (i.e., quantum
statistical model or measurement). The approximations that we con-
struct are optimal among all such approximations, that is, we prove that
they are the minimal outer and the maximal inner conic approximations.
They are moreover close, in the sense that the minimal outer approxima-
tion becomes the maximal inner approximation up to a constant scaling
factor. Our approximation techniques thus generalize the bounding re-
cently provided in Ref. [22] by Xu, Schwonnek, and Winter: first, the
extension is from Pauli strings to arbitrary measurements; second, the
optimization is not restricted to the radius of fixed-axis ellipsoids, but it
is a global optimization over all the parameters of the ellipsoid.

As an application, we utilize our approximation formulas to pro-
vide sufficient conditions, that can be tested in a semi-device indepen-
dent way, for the ability to transform one quantum measurement into
another, or one quantum statistical model into another. Other fields
of applications of our approximation formulas include the contexts of
the accessible information [31] of quantum ensembles, the informa-
tional power [32] of quantum measurements, and the observational
entropy [33] of quantum measurements, as well as other related opti-
mization tasks. In these tasks, given a measurement or statistical model,
the goal consists of optimizing an operationally relevant payoff function
(in the cases above, a relative entropy) over its domain; our approxima-
tions thus provide a more tractable domain of optimization that can lead
e.g. to bounds on the desired quantities.

2. Main results
2.1. Quantum measurements

Given a d-dimensional quantum measurement 7 = {z; : 1 <i <n},
7; >0, Y, m; =1, its testing region is defined as the image z(S,) of the
set S, of d-dimensional states through x. By definition, this is given in
parametric form, that is, it is a body in the probability space parameter-
ized by states in the state space. Ideally, one would aim at implicitizing
it, that is, writing it in the form f(p) < 1, for probability distributions
p. However, due to intractability of the structure of the state space, we
resort here to providing inclusion conditions in terms of implicit bodies.

2 Another reason is that the requirement of complete positivity demands an
extended comparison [11].
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Definition 1. For any d-dimensional, n-outcome measurement z =
{; }:’=1 , we define the family {&,.(x)},cr of hyper-ellipsoids given by:

& (m) :={p€n(¢3d)||\/5(p—t)(§sri2},

where Ot € R™" is the pseudo-inverse of the symmetric positive semi-
definite covariance matrix given by

Tr [7;] Tr[nj]>

d-1
Q=" <Tr [mim] ~ ]

forany 0 <i,j <n, and t € R" is the vector

ti=$Tr[ﬂi], 1<i<n.

Theorem 1. For any d-dimensional, n-outcome informationally complete
measurement =, one has that £;_,(rx) is the maximum volume ellipsoid en-
closed in n(S,;) and &, () is the minimum volume ellipsoid enclosing (S ;).

If measurement # is not informationally complete, ellipsoids £,_; (xr)
and &;(n) still are inner and outer approximations of #(S;,), although
not necessarily maximal and minimal in volume, respectively.

We postpone the proof of Theorem 1 to Section 3.2.

As examples, let us consider symmetric, informationally complete
(SIC) and mutually unbiased basis (MUB) measurements.

A d-dimensional measurement 7 is SIC if and only if it has n = d? ef-
fects satisfying the condition Tr mim; =(do; ;+ 1)/(d?(d +1)). By explicit
computation one has
_d-1 (
T d2d+1)
where @ denotes the unit vector with all equal entries. As expected, Q is

a d? x d? matrix of rank d2 — 1, and it is proportional to a projector [23].
Its pseudo-inverse is then given by

o

) —flflT) s

_d*d+1)
T od-1

A d-dimensional measurement r is a complete MUB if and only if it
has n=d(d + 1) effects satisfying the condition Tr[x; ;z; ;] = (5; 6],/ +
(1=6;)/d)/(d+ 1)2, where indices i, k denote the basis and indices j,
denote the effect within the basis. By explicit computation one has

Q+

(1,0 —0").

d— d+1 pi oiT
=—— (Lge+y— @, U u, ),
d(d+1)2( ( ) i=1 dd)
where uij is the vector with ones for the entries corresponding to basis

i and zero otherwise. As expected, Q is a d(d + 1) X d(d + 1) matrix of
rank d? — 1, and it is proportional to a projector [23]. Its pseudo-inverse
is then given by

2
- % (Lagany = & #87) -
Now that we have a close approximation of the image of the set
of states through any given measurement, we turn our attention to
applying it to semi-device independent tests of simulability. A test is
semi-device independent if it only assumes the dimension of the devices
involved, but does not otherwise assume their mathematical description.
We say that a d|-dimensional, n-outcome measurement z; simulates a
dy-dimensional, n-outcome measurement x, if and only if there exists a
completely positive map C : £(C%) — £(C%) such that

Q+

xoC = m,. (@)

In Corollary 2 of Ref. [21] the following sufficient condition, that
can in principle be tested in a semi-device-independent way, was given

7 (Sy) Seonv P,
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for any uncharacterized qubit or qutrit measurement x, to be simu-
lable by whatever three-outcomes qubit measurement 7z, generated a
given a set P of probability distributions. However, when =, is a qutrit
measurement, its range m,(S,) is challenging to characterize, render-
ing such a test impractical; in this case, the tight conic approximation is
much more convenient to work with. The following corollary addresses
this issue, providing a practical semi-device independent test of Eq. (1).

Corollary 1 (Semi-device independent simulability test). Given a set P of
n-element probability distributions generated by a d-dimensional (otherwise
unspecified) measurement ,, for any d, and for any d,-dimensional n-
outcome measurement m, such that

& (lro) CconvP,

there exists a trace preserving map C that is positive on the orthogonal com-
plement to the kernel of m such that Eq. (1) holds. Moreover, if d; =2,
n <3, and dy <3, map C in Eq. (1) is completely positive, that is, measure-
ment &, simulates measurement .

Proof. The first part of the statement follows from Theorem 1 and from
Proposition 7.1 of Ref. [24]. The second part of the statement follows
from Theorem 1 and from Theorem 2 of Ref. [21]. []

2.2. Quantum statistical models

Given a d-dimensional quantum statistical model p ={p; : 1 <i <
n}, p; 20, Tr[p;] = 1, its testing region is defined as the image p(E) of
the cone E of effects through p, seen as a classical-quantum (c-q for
short) channel. By definition, the testing region p(E) is given in para-
metric form, that is, it is a body in the probability space parameterized
by effects in the effect space. Ideally, one would aim at implicitizing it,
that is, write it in the form f(g) < 1, for vectors of probabilities g. How-
ever, due to the intractability of the structure of the effect space, we
resort here to providing inclusion conditions in terms of implicit bodies.

Definition 2. For any d-dimensional family p = {p,—}lf’=1 of n states, let

{é'rk(p)}k=0"“d be the following family of hyper-ellipsoids:

reR
2
1
<=
272

€f(p)={q€p(0d)"@(q—§u)

where QZ € R"™" is the pseudo-inverse of the symmetric positive semi-
definite covariance matrix given by

(Qi); = <k‘ %2> (Tr [oins] = 5)

for any 0 <i,j <n, and u € R" is the vector with all unit entries.

We introduce a d-cone as a generalization of the bicone. A d-cone
in R” is the convex hull of the origin and d arbitrary (n — 1)-balls with
aligned and equidistant centers lying on hyperplanes orthogonal to the
line of the centers (hence, including the origin, the d-cone is the convex
hull of (d + 1) balls). Let r(x) be the radius of the ball at distance x
from the origin and L be the distance of the furthest ball. If r(x) is
symmetric, that is r(x) = r(L — x) for any 0 < x < L, then we say that
the d-cone is symmetric. In this case, symmetry imposes that the ball
lying further from the origin is itself a point, as the origin is. The usual
bicone is recovered as the symmetric 2-cone. A pictorial representation
of d-cones is given in Fig. 1. An elliptical d-cone is the image of a d-
cone through a linear transformation that preserves the line joining the
centers of the balls.

Theorem 2. For any d-dimensional, n-outcome informationally complete
family p of states, one has that conv UZZOS”;(k d)(p) is the maximum vol-
ume elliptical d-cone enclosed in p(E) and conv UZ=051k(P) is the minimum
volume elliptical d-cone enclosing p(E), where
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d=2 d=3 d=14
symmetric 2-cone  symmetric 3-cone symmetric 4-cone
(bi-cone)

Fig. 1. A pictorial representation of symmetric d-cones in R?, for d =2,3,4.

r[(k,d)2 =d-1 &
min (k2, (d - k)?)

If family p of states is not informationally complete, elliptical d-
cones conv UZ:Oé‘;_l(p) and conv ngoé‘{‘(p) still are inner and outer
approximations of p(E), although not necessarily maximal and minimal
in volume, respectively.

We postpone the proof of Theorem 2 to Section 3.3.

As examples, let us consider symmetric, informationally complete
(SIC) and mutually unbiased basis (MUB) families of states.

A d-dimensional family p of states is SIC if and only if it has n = d>
states satisfying the condition Tr p;p; = (d5; ; + 1)/(d + 1). By explicit
computation one has

kd — k* o
Or= 2d+D (14> —0a"),
where @ denotes the unit vector with all equal entries. As expected,
0, are d? x d? matrix of rank d — 1, and they are proportional to a
projector. Their pseudo-inverses are then given by

ot = d>d+1)
ko kd - k2
A d-dimensional family p of states is a complete MUB if and only if
ithas n=d(d +1) states satisfying the condition Tr[p; ;p; ;1 = (5; 16/, +
(1-6;,)/d), where indices i, k denote the basis and indices j,/ denote
the effect within the basis. By explicit computation one has

(]ldz —ﬁﬁT) .

kd — k? d+1 pi oiT
0= ——— (Lo~ O, W0 ),
d(d+1)2( (d+1) i=1 dd)
where uid is the vector with ones for the entries corresponding to basis
i and zero otherwise. As expected, O, are d(d + 1) X d(d + 1) matrices
of rank d? — 1, and they are proportional to a projector. Their pseudo-
inverses are then given by

or— 4@+t 1
ko kd—k2

Now that we have a close approximation of the image of the set of
effects through any given family of states, we turn our attention to apply-
ing it to semi-device independent tests of simulability. We say thata d, -
dimensional, n-outcome family of states p simulates a d\-dimensional,
n-outcome measurement py, if and only if there exists a completely pos-
itive trace preserving map (a quantum channel) C : £(C9) — £(C%)
such that

d+1 Ai AT
(Lo = ®Z 00 ).

Cop, = py- (2

The following corollary generalizes Corollary 1 of Ref. [21] to the ar-
bitrary dimensional case, providing a semi-device independent test of
Eq. (2).
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Corollary 2 (Semi-device independent simulability test). Given a set Q of
n-element vectors of probabilities generated by a d,-dimensional (otherwise
unspecified) family of n states p,, for any d, and for any d,-dimensional
family of n states p such that

4 ok
convU{_ € (po) CconvQ,

there exists a (not necessarily trace preserving) map C that is positive on the
orthogonal complement to the kernel of p, such that Eq. (1) holds. Moreover,
ifdy =2, n=2, and dy =2, map C in Eq. (1) is completely positive trace
preserving, that is, family p, of states simulates family p, of states.

Proof. The first part of the statement follows from Theorem 2. The sec-
ond part of the statement follows from Theorem 2 and from Theorem 1
of Ref. [21]. O

3. Proofs
3.1. Formalization

For any positive integer d, let £(C) denote the space of Hermitian
operators on C¢ equipped with the Hilbert-Schmidt product, that is, for
any p,z € L(C?) we have p - 7 = Tr[pz]. For any positive integer n, let
R" denote the space of n-dimensional real vectors equipped with the
usual inner product, that is, for any p,q € R"” we have p- ¢ = Z:’zl qu,-.

A d-dimensional, n-outcome measurement is a map

m:L(CY) >R

Any measurement & can be represented as an indexed family {z; €
£(c? )}, of operators as follows. Recalling that the space L(C?) is
equipped with the Hilbert-Schmidt product, the action of # on an oper-
ator p € £L(C?) is naturally given by

(| Tr [” 1P]
ol = :
{7l Tr |7,

where (7| : £(C?) = R is given by {(z|p)) = Tr[zp].

Recalling that the space R” is instead equipped with the usual inner
product, the action of the Hermitian conjugate z* on a vector p € R” is
naturally given by

z(p) 1= ER",

. Py
x'p=|lm) EMY

Py
=2Pi|”i» eL <Cd) .
i=1

Finally, for any measurements « and 7, the compositions 7'z and zz"
are given by

{m|

tir= [|Tl>> :
(7,

lz.)]

= Z le)X(m| € £ () - £ (¢),

i=1

and
G
rt' = : [|T1» |Tn»]
(]
Tr [”171] Tr [7:11,,]
= : : eR" > R".
Tr [nnrl] Tr [n”rn]
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For any d-dimensional, n-outcome measurement =, its pseudo-
inverse z* is the unique n-elements row vector of operators in L£(C?)
such that

antr=nm,
atant =xt,
it = (IL'+7!')T ,
axt = ()"

3.2. Quantum measurements

Leveraging on the formalism introduced in Section 3.1, for any d-
dimensional, n-outcome measurement x we can provide the following
definitions of covariance matrix Q and probability distribution t:

0=t @-n@-1,

and

t I=T@,

d

where 7 is the d-dimensional, n-outcome measurement given by

[ lm] gl
T .= E
Tr [nn] (&

Notice that these definitions are consistent with those in Definition 1.
For any dimension d we denote with B, the ball whose extremal
points include all pure states, that is

B, :={p€£(Cd)‘Tr[p]:1,Tr[pz] 51}.

Consider the image w(B,;) of the ball B, through a measurement =.
Again, this expression describes a body in the probability space parame-
terized by a body in the state space. The following lemma makes implicit
this parametric equation by removing the dependence on the states and
expressing the image of B in the form f(p) <0. The lemma generalizes
Theorem 1 of Ref. [25] from the qubit case to the arbitrary dimensional
case.

Lemma 1 (Implicitization of m(B,)). For any d-dimensional, n-outcome
measurement r, the image n(B,) is given by the following hyper-ellipsoid:

x (By) :=& (m).
Proof. One has

p=xlp))
=@ —1+7)|p)
=(@—1)lp) +7lp)

=@ —-1)|p)) +t.

Hence

n([EBd) = {p:(fr—r)lp)}+t Trp=1,Trp* < 1}.

Solutions of (x — 7)|p)) =p —t in p exist if and only if p —t belongs
to the range of = — 7. Solutions are given by
) =@ - (p-t)+@-ID o), ©)]

where IT := (x — 7)*(x — 1), for any o € £(CY). Notice that IT|1)) =0
since (x — 7)|1)) =t — t. Hence Eq. (3) is equivalent to
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o) =t —0)* ot + 4

+ (-2l -11) lo,

again for any ¢ € £L(C?).

The condition Tr p = 1 immediately implies A = 1. Moreover, due to
the Hilbert-Schmidt orthogonality of (x — )t (p—t) and (1 —|1)X(1|/d —
I)|o)), one has that for any o such that Tr p? < 1, the same condition is
also verified for ¢ = 0. Hence, without loss of generality we take ¢ = 0.
Thus we have

oy =(=-1)" (p-t)+ %.
Hence,
TP =@t -0 @ -0 p-0+ 1.
Thus, condition Tr p? < 1 becomes
-t (-0 (-0 - <11

Hence the statement follows. []

We are now in a position to prove Theorem 1, that we rewrite here
for convenience.

Theorem 3. For any d-dimensional, n-outcome informationally complete
measurement &, one has that £;_,(r) is the maximum volume ellipsoid en-
closed in n(S;) and &, () is the minimum volume ellipsoid enclosing (S ;).

Proof. First, we prove that the image #(B,) coincides with the mini-
mum volume ellipsoid £(x(S,;)) enclosing the image of S;. This can be
shown as follows. First, we show that any 2-design {4, p; }, is a scalable
frame, that is, a family of weights over states such that

1 1 1
X iulec= g0e = 51= (1-gloal).

Indeed, for any state p we have

(o= 3) 1 [(e=3) (o= 5]
Baah(e-3)

e [Badt oo 3))
=Tr, [@+5) (1@ (-3 ) )]
=Tr, [S<Jl®</" %))]
(-3,

where S denotes the swap operator. Notice that, from Sections 6.9 and
6.11 of Ref. [26] it immediately follows that finite 2-designs exist in
any dimension d, hence the existence of scalable frames in any dimen-
sion d. Then, the statement immediately follows from Theorem 2.11 of
Ref. [27].

Notice that, if rescaled by constant factor d?> — 1, minimum vol-
ume enclosing ellipsoids are enclosed in the convex body (see e.g. Sec-
tion 8.4.1 of Ref. [28]). However, the lower bound in Theorem 1 is
tighter than this, hence the need for the following independent proof.

The inner ellipsoid must include boundary states, otherwise it would
not be a maximizer of the volume as it could be rescaled while re-
maining inside the state space. It is immediate to verify that, among
all boundary states, the ones that minimize the 2-norm are the pro-
jectors of rank d — 1. The ellipsoids we are considering lie on a plane
orthogonal to the maximally mixed state. Since for the 2-norm of pure
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states and of the maximally mixed state one has Tr[|¢){¢|]}/2 =1 and
Tr[1 /d?]'/? = 1//d, a direct application of the Pythagorean theorem
shows that the radius of the outer ellipsoid is given by /1 —-1/d =
4/(d —1)/d. Since for the 2-norm of rank (d — 1) projectors one has
that Tr[(1 — |p){(p])/(d — 1)21'/2 = 1/4/d — 1, a new application of the
Pythagorean theorem shows that the radius of the inner ellipsoid is given
by v/1/(d — 1) — 1/d = \/1/(d(d — 1)). Hence, the ratio of the two radii
is /(d - D/dy/(dd-1)=d - 1.

Using Theorem [J] of Ref. [29], we have that the lower bound in
Theorem 1 holds again in any dimension in which there exists a finite
scalable frame {4, p, } of states proportional to rank-(d — 1) projectors.
Since for any pure state ¢ one has

1-[p0dl 1 d 1
o1 = (ee-3).

one has that such a scalable frame exists if and only if a scalable frame
of pure states exists, hence the proof of the lower bound goes along that
of the upper bound. []

3.3. Quantum states

Leveraging on the formalism introduced in Section 3.1, for any d-
dimensional, n-outcome family p of states we can provide the following
definition of covariance matrix Q:

Q= (k— %2> (p-0)(p-0),

where o is the d-dimensional, n-outcome c-q channel given by
€l

l

Notice that this definition is consistent with that in Definition 2.

For any dimension d and any 0 < k < d we denote with [EB(’; the ball
whose extremal points include all extremal effects with trace k, that is

1

o .=—

By :={rer(c!)|Trinl=k Tr[#*] <k}.

We denote with D, the symmetric d-cone whose extremal points include
all extremal effects, that is

D, :=conv UzZOBZ.

Consider the image p(D,) of the d-cone D, through a c-q channel p.
Again, this expression describes a body in the probability space pa-
rameterized by a body in the effect space. The following lemma makes
implicit this parametric equation by removing the dependence on the
effects and expressing the image of D, in the form f(q) <0. The lemma
generalizes Proposition 2 of Ref. [30] from the qubit case to the arbi-
trary dimensional case.

Lemma 2 (Implicitization of p(D,)). For any d-dimensional, n-outcome c-q
channel p, the image p(D,) is given by the following convex hull of hyper-
ellipsoids:

p (D) :=convui_ &f (p).
Proof. One has
q=plz)

=(p—o+o0)|)

=(p—-o0)|r) +o|x)

=(p-o)la)+Eu.
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Hence
p(B5)
={q=(p—0')|7r)) + SU‘TIIZ':](,TI'HZ Sk}.

Solutions of (p — 6)|7)) = q — ku/d in x exist if and only if q — ku/d
belongs to the range of p — o. Solutions are given by

2 =-o)" (a- Su)+@-mie), @

where I1 := (p — 6)*(p — 6), for any = € £L(C?). Notice that [1|1)) =0
since (p — 6)|1)) = ku/d — ku/d. Hence Eq. (4) is equivalent to

) =(p - )" (4= 2u) + 4510y
+ (-2l - 1) e,

again for any 7 € L£(CY.

The condition Trz = k immediately implies 4 = 1. Moreover,
due to the Hilbert-Schmidt orthogonality of (p — 6)*(q — ku/d) and
(1 —|1))(1]|/d — IT)|o)), one has that for any 7 such that Tr 7% < k, the
same condition is also verified for = 0. Hence, without loss of gener-
ality we take 7 = 0. Thus we have

W)= -o)* (a= Su)+ oy,

d
Hence,
Tr 22
T ) 2
= (q— SU) (p-0)"(p-o)* (q— SU) + %.

Thus, condition Tr 72 < k becomes

(q - SH)T p-0)'(p-o)* (q - Su)

k2
<k—-—.
- d

Hence the statement follows. []

We are now in a position to prove Theorem 2, that we rewrite here
for convenience.

Theorem 4. For any d-dimensional, n-outcome informationally complete

family p of states, one has that conv UZ=0£:(k d)(p) is the maximum vol-

ume elliptical d-cone enclosed in p(E) and conv UZzOS{‘(p) is the minimum
volume elliptical d-cone enclosing p(E), where

k(d—-k
nkdy = —1) — =0 __
min (k2,(d — k)?)
Proof. An effect 0 <z <1 is extremal if and only if it is a projector.
Hence, the set E, of effects is the convex hull of projectors, that is

Eg=comvuil_, {z€ £ (C?)|Trinl=ka®=x}.

The proof proceeds along the lines of the proof of Theorem 1. First,
due to Sections 6.9 and 6.11 of Ref. [26], for any dimension there exists
a finite scalable frame of k-trace projectors. Then, due to Theorem 2.11
of Ref. [27], the minimum volume ellipsoid enclosing k-trace projectors
is the ball BZ.

The only difference with respect to Theorem 1 is that, rather than a
single ellipsoid, we have a family of ellipsoids parameterized by k. For
each k, the extremal effects with trace equal to k are the projectors IT; of
rank k. The effects on the boundary (that is, with at least one non-null
eigenvalue) with minimum 2-norm and trace equal to k, instead, are
the subnormalized (so to satisfy the trace constraint) projectors I1;_; of
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rank d — 1, or their subnormalized complement 1 —II;_;. The radii R,
and r, of the outer and inner ellipsoids, respectively, are thus given by

2

1|°_ dk—k2
Ry =, —k=| = ,
dl d
and
2 2
2 =min m, -kt ,(1—und_l)—k£
d—1 dl, d—1 dl,

_ min (K2,(d = k)*)
B dd-1)

The rest of the computation proceeds as in the proof of Theorem 1. []
4. Conclusion and outlook

In this paper we provided an implicit outer approximation of the im-
age of any given quantum measurement in any finite dimension, thus
generalizing a recent result [22] by Xu, Schwonnek, and Winter on the
image of Pauli strings. The outer approximation that we constructed is
minimal among all such outer approximations, and close, in the sense
that it becomes the maximal inner approximation up to a constant scal-
ing factor. We also obtained a similar result for the dual problem of
implicitizing the image of the set of effects through a family of quantum
states. Finally, we applied our approximation formulas to characterize,
in a semi-device independent way, the ability to transform one quan-
tum measurement into another, or one quantum statistical model into
another.

CRediT authorship contribution statement

Michele Dall’Arno: Writing — review & editing, Writing — original
draft, Validation, Methodology, Investigation, Formal analysis, Concep-
tualization. Francesco Buscemi: Writing — review & editing, Writing —
original draft, Validation, Conceptualization.

Declaration of competing interest

The authors declare the following financial interests/personal rela-
tionships which may be considered as potential competing interests:
Michele Dall’Arno reports financial support was provided by Japan So-
ciety for the Promotion of Science. Francesco Buscemi reports financial
support was provided by Japan Society for the Promotion of Science. If
there are other authors, they declare that they have no known compet-
ing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgements

M. D. is grateful to Anna Szymusiak for insightful comments and
suggestions. M. D. acknowledges support from the Department of Com-
puter Science and Engineering, Toyohashi University of Technology,
from the International Research Unit of Quantum Information, Kyoto
University, and from the JSPS KAKENHI grant number JP20K03774.
F. B. acknowledges support from MEXT Quantum Leap Flagship Pro-
gram (MEXT QLEAP) Grant No. JPMXS0120319794; from MEXT-JSPS
Grant-in-Aid for Transformative Research Areas (A) “Extreme Uni-
verse”, No. 21H05183; from JSPS KAKENHI Grants No. 20K03746 and
No. 23K03230.



M. Dall’Arno and F. Buscemi

References

[1] Max O. Lorenz, Methods of measuring the concentration of wealth, Publ. Am. Stat.
Assoc. 9 (70) (1905) 209-219.

[2] Godfrey Harold Hardy, John Edensor Littlewood, George Polya, Inequalities, Cam-
bridge University Press, 1952.

[3] Barry C. Arnold, Majorization and the Lorenz Order: A Brief Introduction, Springer,
New York, 1987.

[4] Albert W. Marshall, Ingram Olkin, Barry C. Arnold, Inequalities: Theory of Majoriza-
tion and Its Applications, Springer, 2010.

[5] David Blackwell, Equivalent comparisons of experiments, Ann. Math. Stat. 24 (2)
(1953) 265-272, https://doi.org/10.1214/aoms/1177729032.

[6] D.A. Blackwell, M.A. Girshick, Theory of Games and Statistical Decisions, Dover
Books on Mathematics, Dover Publications, 1979, https://books.google.co.jp/
books?id = fwWTLAgAAQBAJ.

[7] Erik Torgersen, Comparison of Statistical Experiments, Encyclopedia of Mathematics
and Its Applications, Cambridge University Press, 1991.

[8] Joseph M. Renes, Relative submajorization and its use in quantum resource theories,
J. Math. Phys. 57 (12) (12 2016) 122202, https://doi.org/10.1063/1.4972295.

[9] F. Liese, K.-J. Miescke, Statistical Decision Theory, Springer, 2008.

[10] Eric Chitambar, Gilad Gour, Quantum resource theories, Rev. Mod. Phys. 91 (Apr
2019) 025001, https://doi.org/10.1103/RevModPhys.91.025001.

[11] Francesco Buscemi, Comparison of quantum statistical models: equivalent conditions
for sufficiency, Commun. Math. Phys. 310 (3) (2012) 625-647, https://doi.org/10.
1007/500220-012-1421-3.

[12] Anna Jencova, Comparison of quantum channels and statistical experiments, arXiv:
1512.07016 [abs], 2015.

[13] Francesco Buscemi, Gilad Gour, Quantum relative Lorenz curves, Phys. Rev. A 95
(Jan 2017) 012110, https://doi.org/10.1103/PhysRevA.95.012110.

[14] Francesco Buscemi, All entangled quantum states are nonlocal, Phys. Rev. Lett. 108
(May 2012) 200401, https://doi.org/10.1103/PhysRevLett.108.200401.

[15] Francesco Buscemi, Fully quantum second-law-like statements from the theory of
statistical comparisons, arXiv:1505.00535 [abs], 2015.

[16] Gilad Gour, David Jennings, Francesco Buscemi, Runyao Duan, Iman Marvian, Quan-
tum majorization and a complete set of entropic conditions for quantum thermo-
dynamics, Nat. Commun. 9 (1) (2018) 5352, https://doi.org/10.1038/s41467-018-
06261-7.

Physics Letters A 526 (2024) 129956

[17] Francesco Buscemi, Eric Chitambar, Wenbin Zhou, Complete resource theory of
quantum incompatibility as quantum programmability, Phys. Rev. Lett. 124 (Mar
2020) 120401, https://doi.org/10.1103/PhysRevLett.124.120401.

[18] Francesco Buscemi, Kodai Kobayashi, Shintaro Minagawa, Paolo Perinotti, Alessan-
dro Tosini, Unifying different notions of quantum incompatibility into a strict hier-
archy of resource theories of communication, arXiv:2211.09226 [abs], 2022.

[19] Francesco Buscemi, Kodai Kobayashi, Shintaro Minagawa, A complete and opera-
tional resource theory of measurement sharpness, arXiv:2303.07737, 2023.

[20] Peter M. Alberti, Armin Uhlmann, Stochasticity and Partial Order Doubly Stochastic
Maps and Unitary Mixing, Springer, Netherlands, 1982.

[21] Michele Dall’Arno, Francesco Buscemi, Valerio Scarani, Extension of the Alberti-
Ulhmann criterion beyond qubit dichotomies, Quantum 4 (February 2020) 233,
https://doi.org/10.22331/q-2020-02-20-233.

[22] Zhen-Peng Xu, René Schwonnek, Andreas Winter, Bounding the joint numerical
range of Pauli strings by graph parameters, arXiv:2308.00753, 2023.

[23] Wojciech Stomczyriski, Anna Szymusiak, Morphophoric POVMs, generalised gplexes,
and 2-designs, Quantum 4 (September 2020) 338, https://doi.org/10.22331/q-
2020-09-30-338.

[24] Francesco Buscemi, Michael Keyl, Giacomo Mauro D’Ariano, Paolo Perinotti, Rein-
hard F. Werner, Clean positive operator valued measures, J. Math. Phys. 46 (8)
(2005) 082109, https://doi.org/10.1063/1.2008996.

[25] Michele Dall’Arno, Sarah Brandsen, Francesco Buscemi, Vlatko Vedral, Device-
independent tests of quantum measurements, Phys. Rev. Lett. 118 (Jun 2017)
250501, https://doi.org/10.1103/PhysRevLett.118.250501.

[26] Shayne F.D. Waldron, An Introduction to Finite Tight Frames, Springer, 2018.

[27] Xuemei Chen, Gitta Kutyniok, Kasso A. Okoudjou, Friedrich Philipp, Rongrong
Wang, Measures of scalability, IEEE Trans. Inf. Theory 61 (8) (2015) 4410-4423,
https://doi.org/10.1109/TIT.2015.2441071.

[28] S.P. Boyd, L. Vandenberghe, Convex Optimization, Cambridge University Press,
2004, https://books.google.co.jp/books?id = mYmObLd3fcoC.

[29] Keith Ball, Ellipsoids of maximal volume in convex bodies, Geom. Dedic. 41 (2)
(1992) 241-250, https://doi.org/10.1007/BF00182424.

[30] Michele Dall’Arno, Device-independent tests of quantum states, Phys. Rev. A 99 (May
2019) 052353, https://doi.org/10.1103/PhysRevA.99.052353.

[31] A.S. Holevo, J. Multivar. Anal. 3 (1973) 337.

[32] M. Dall’Arno, M.F. Sacchi, G.M. D’Ariano, Informational power of quantum mea-
surements, Phys. Rev. A 83 (2011) 062304.

[33] D. Safranek, A. Aguirre, J. Schindler, J.M. Deutsch, A brief introduction to observa-
tional entropy, Found. Phys. 51 (2021) 101.


http://refhub.elsevier.com/S0375-9601(24)00650-9/bib9597AA7890EFDF13CF3863029AEBEC65s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib9597AA7890EFDF13CF3863029AEBEC65s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibDA76C23940D4D5B1A7C67698610305B1s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibDA76C23940D4D5B1A7C67698610305B1s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8D80F2CDEC1922311E4AB7C85E48D2ECs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8D80F2CDEC1922311E4AB7C85E48D2ECs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibC5D49D666FDEF9BE84A0E85C6666482Fs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibC5D49D666FDEF9BE84A0E85C6666482Fs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8C00CCCD9F80BA9386BFA8C02AE65F1Ds1
https://doi.org/10.1214/aoms/1177729032
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8C00CCCD9F80BA9386BFA8C02AE65F1Ds1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib4B1163960B5794DE3B5755B532B288AEs1
https://books.google.co.jp/books?id=fwTLAgAAQBAJ
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib4B1163960B5794DE3B5755B532B288AEs1
https://books.google.co.jp/books?id=fwTLAgAAQBAJ
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib4B1163960B5794DE3B5755B532B288AEs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib1DC9031E66E75ACA8FEC6C9FADAB41DDs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib1DC9031E66E75ACA8FEC6C9FADAB41DDs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib9303A7EA35DB7016B05470EAAD2DBB53s1
https://doi.org/10.1063/1.4972295
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib9303A7EA35DB7016B05470EAAD2DBB53s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib6E8B0EB5B3EDF8A3E9E7E2F79D3CBA13s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib112D356A085B72230BC1BF0FAFC44A0Bs1
https://doi.org/10.1103/RevModPhys.91.025001
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib112D356A085B72230BC1BF0FAFC44A0Bs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibABAB576B13D4CDA11E17A63799984FE4s1
https://doi.org/10.1007/s00220-012-1421-3
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibABAB576B13D4CDA11E17A63799984FE4s1
https://doi.org/10.1007/s00220-012-1421-3
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibABAB576B13D4CDA11E17A63799984FE4s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib89823CA1C77B9F37D75147A09C864F25s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib89823CA1C77B9F37D75147A09C864F25s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibF5A4FBD6A55DB99D1DF1B717EE5B3E99s1
https://doi.org/10.1103/PhysRevA.95.012110
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibF5A4FBD6A55DB99D1DF1B717EE5B3E99s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib90D13F194A3EF0812E6885D2F198E4C7s1
https://doi.org/10.1103/PhysRevLett.108.200401
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib90D13F194A3EF0812E6885D2F198E4C7s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD17DEB68F0650DC3EBC42A286487FFB5s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD17DEB68F0650DC3EBC42A286487FFB5s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8B395EC6B2F4F88C8B6DBFFB2D824CACs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8B395EC6B2F4F88C8B6DBFFB2D824CACs1
https://doi.org/10.1038/s41467-018-06261-7
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8B395EC6B2F4F88C8B6DBFFB2D824CACs1
https://doi.org/10.1038/s41467-018-06261-7
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8B395EC6B2F4F88C8B6DBFFB2D824CACs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibAC93F429035CA0F1958314481BA0C59Es1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibAC93F429035CA0F1958314481BA0C59Es1
https://doi.org/10.1103/PhysRevLett.124.120401
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibAC93F429035CA0F1958314481BA0C59Es1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib46F4B458A11A28925F1F4CB7B8DB822Ds1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib46F4B458A11A28925F1F4CB7B8DB822Ds1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib46F4B458A11A28925F1F4CB7B8DB822Ds1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibB49909710DBE72DE1BD3ACFB8F6D48FFs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibB49909710DBE72DE1BD3ACFB8F6D48FFs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8632369E0A2B2C40C13E1EFDF4A22702s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib8632369E0A2B2C40C13E1EFDF4A22702s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD2C1E585995ED3C67C9E8C3BC0F9F83Es1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD2C1E585995ED3C67C9E8C3BC0F9F83Es1
https://doi.org/10.22331/q-2020-02-20-233
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD2C1E585995ED3C67C9E8C3BC0F9F83Es1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib9763365DEFEACAF4072B1897F9A2E733s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib9763365DEFEACAF4072B1897F9A2E733s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibE68830557AC58802F540B690501DE9A8s1
https://doi.org/10.22331/q-2020-09-30-338
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibE68830557AC58802F540B690501DE9A8s1
https://doi.org/10.22331/q-2020-09-30-338
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibE68830557AC58802F540B690501DE9A8s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD7AA89A354C9E3AEB40923EBB6509FCFs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD7AA89A354C9E3AEB40923EBB6509FCFs1
https://doi.org/10.1063/1.2008996
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibD7AA89A354C9E3AEB40923EBB6509FCFs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib940D85EF5A75FA809DB132EC38F290F5s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib940D85EF5A75FA809DB132EC38F290F5s1
https://doi.org/10.1103/PhysRevLett.118.250501
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib940D85EF5A75FA809DB132EC38F290F5s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib50D4B68B14A13B8AA03A9149E5047D82s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib05148FDEFABB9708A56061DAAD89E150s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib05148FDEFABB9708A56061DAAD89E150s1
https://doi.org/10.1109/TIT.2015.2441071
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib05148FDEFABB9708A56061DAAD89E150s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib29ECE81C7C29BEDCCE09034E13B43071s1
https://books.google.co.jp/books?id=mYm0bLd3fcoC
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib29ECE81C7C29BEDCCE09034E13B43071s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibC5F1596A0D4616EED4F01E7506ED2FBEs1
https://doi.org/10.1007/BF00182424
http://refhub.elsevier.com/S0375-9601(24)00650-9/bibC5F1596A0D4616EED4F01E7506ED2FBEs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib78D463B07DC7DB04DA90FF3BECE83AD1s1
https://doi.org/10.1103/PhysRevA.99.052353
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib78D463B07DC7DB04DA90FF3BECE83AD1s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib18D9E6F857331DA5486B2D9AA9FA5DFBs1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib7DC1F260C388EAECDB208A320C870573s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib7DC1F260C388EAECDB208A320C870573s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib4E8C3EA0A7C2C5A252E56BB95D15A4D0s1
http://refhub.elsevier.com/S0375-9601(24)00650-9/bib4E8C3EA0A7C2C5A252E56BB95D15A4D0s1

	Tight conic approximation of testing regions for quantum statistical models and measurements
	1 Introduction
	2 Main results
	2.1 Quantum measurements
	2.2 Quantum statistical models

	3 Proofs
	3.1 Formalization
	3.2 Quantum measurements
	3.3 Quantum states

	4 Conclusion and outlook
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


