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Abstract— Recent advances in tactile rendering span, among
others, wearable cutaneous interfaces, tactile rendering algo-
rithms, or nonlinear soft skin models. However, the adoption
of these advances for multi-finger tactile rendering of dexterous
grasping and manipulation is hampered by the computational
cost incurred with nonlinear skin models when applied to the
full hand. We have observed that classic constrained dynamics
solvers, typically designed for contact mechanics, fail to perform
efficiently on deformation constraints of nonlinear skin models.
In this paper, we propose a novel constrained dynamics solver
designed to perform well with highly nonlinear deformation
constraints. In practice, we achieve more than 10× speed-up
over previous approaches, and as a result we enable multi-
finger tactile rendering of manipulation actions that capture
the nonlinearity of skin.

I. INTRODUCTION

Humans exploit skin compliance during grasping to

smoothly adapt to the surfaces of grasped objects and to ex-

pose larger frictional contacts that improve grasp stability [8].

Accurate tactile rendering of the interaction with virtual

environments should then rely on soft skin models, but tactile

rendering of soft grasping comes with many difficulties: the

simulation of a realistic hand should account for skeletal

constraints and a soft flesh; skin is highly nonlinear, very soft

under low forces, but highly constrained under high forces;

and the tactile rendering algorithm itself should account for

the distributed nature of contact under soft skin.

To address most of these difficulties, in our work in

recent years we have designed novel components of a

tactile rendering framework that incorporate soft skin and

its characteristic behavior. We have designed a simulation

algorithm that accounts for skeletal constraints and a soft

flesh with two-way coupling, such that forces are transmitted

to and from skeleton and flesh [5]. We have demonstrated

efficient simulation of the extreme nonlinearity of skin using

a biphasic model with strain-limiting constraints [14]. And

we have proposed a tactile rendering algorithm that optimizes

the configuration of a wearable cutaneous interface under

the objective of contact surface matching [15]. The last two

works have been demonstrated interactively only on a single

finger.

But, before soft skin models can be adopted for accu-

rate visuo-haptic rendering, one major problem is left to

be solved. Simulation of nonlinear skin deformation is a
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Fig. 1. Tactile rendering of dexterous manipulation of a virtual object.
While the user rotates the object, subtle changes in contact orientation and
pressure are reproduced by the cutaneous interfaces.

computationally complex problem, and its application to full-

hand modeling for multi-finger tactile rendering is currently

hampered by the computational cost of constrained dynamics

solvers. In this work, we present a fast solver for constrained

dynamics that enables multi-finger tactile rendering of the

interaction between a nonlinear soft hand model and a

virtual environment. As a result, we achieve interactive visual

simulation of dexterous manipulations with accurate skin

behavior, together with cutaneous rendering of the complex

forces involved during soft grasping, as shown in Fig. 1.

Constrained dynamics is not a novel problem to com-

putational haptics, as it is a corner stone for accurate and

robust simulation of frictional contact [4], [11], [16], [19],

[12]. However, we have observed that typical solvers for

contact constraints do not work well with the deformation

constraints of nonlinear skin. We propose a novel solver

for constrained dynamics that addresses the highly nonlinear

nature of deformation constraints. It is based on a Jacobi

relaxation scheme to minimize the computational cost per

iteration, linearizes the constraints after each Jacobi iteration

to optimize the true nonlinear problem, and performs a

line-search optimization per iteration to guarantee a steady

error reduction. After the formulation of the simulation

problem and a discussion of limitations of classic constrained

dynamics solvers in Section II, we describe the details of our

solver in Section III.

On highly constrained scenarios, which are those criti-

cal for maintaining an interactive simulation at all times,

we achieve speed-ups of more than 10× over previous



Fig. 2. Impact of the nonlinear skin model under contact. Left: Without
strain-limiting constraints, the finger collapses when pressing hard. Middle:
With strain-limiting constraints, the finger retains a correct shape. Right:
Tactile rendering of the same contact with a wearable cutaneous device.

constrained dynamics solvers. The interactive solution of

nonlinear skin deformation is employed to drive a tactile

rendering algorithm, described in Section IV. In Section V

we discuss performance results of our solver, as well as

interactive grasping and manipulation actions rendered using

three wearable cutaneous interfaces.

II. NONLINEAR SKIN AS CONSTRAINED DYNAMICS

In this section, we first describe the simulation of a

deformable hand with nonlinear skin, which serves as the

central component of a model-based tactile rendering algo-

rithm. We describe all the components of the simulation,

focusing on the formulation of the hand’s deformation as

a constrained dynamics problem. Then, we discuss typical

linear complementarity problem (LCP) solutions for con-

strained dynamics, based on relaxation methods.

A. Hand Simulation

The deformation of a hand is dominated by a combination

of skeletal constraints and soft skin deformation. Taking the

tracked configuration of the user’s hand as input, we simulate

skeletal motion using an algorithm for articulated-body dy-

namics with linear cost in the presence of joint stiffness and

implicit integration [6]. The bones of the hand’s skeleton are

linked to their corresponding tracked configuration using 6D

virtual coupling springs [9]. Due to the lack of a kinesthetic

haptic interface, the motion of the user’s hand cannot be

stopped by virtual objects. Then, the deviation between the

real and virtual hand configurations is absorbed by the 6D

virtual coupling springs.

Skin is highly nonlinear, and the impact of this nonlin-

earity in visuo-haptic simulation is shown in two examples

in Fig. 2 and Fig. 3. One possible solution would be to use

efficient methods for hyperelastic materials with contact [3].

Instead, we simulate nonlinear skin deformation using a

linear corotational FEM formulation augmented with strain-

limiting constraints. We refer to [14] for details on the

formulation of constraints and their Jacobians. This ap-

proach approximates the extreme nonlinearity of skin using a

Fig. 3. Impact of the nonlinear skin model on hand deformations. Left:
Without strain-limiting constraints, finger joints deform excessively under
large rotations. Right: With strain-limiting constraints, joints are compliant
under small rotations, yet they retain a correct shape under large rotations.

biphasic model, very soft under low forces, and completely

constrained under large forces. On each simulation frame,

we integrate dynamics using implicit Euler with force lin-

earization, and in this way the solution to unconstrained

dynamics turns into the solution to a sparse linear problem.

However, we enforce nonlinear strain-limiting constraints,

and then the solution to deformation dynamics turns into a

nonlinear constrained optimization problem. This optimiza-

tion problem consists of finding velocities that minimize the

deviation from unconstrained velocities, subjct to the strain-

limiting constraints. Specifically, this nonlinear constrained

optimization problem can be cast as:

min
1

2
(v−A−1 b)T A(v−A−1 b), (1)

s.t. C(x0 +hv)≥ 0,

with A = M−h
∂F
∂v

−h2 ∂F
∂x

(2)

and b =

(
M−h

∂F
∂v

)
v0 +hF(x0,v0). (3)

Where x and v are vectors containing all nodal positions and

velocities, respectively, x0 and v0 denote these positions and

velocities at the end of the previous time step, F is a vector

with all nodal forces, M is the mass matrix, A and b are

the matrix and right-hand side of the unconstrained linear

system, C is the vector of strain-limiting constraints, and h
is the time step.

We implement two-way coupling between the skeleton and

the skin using zero-rest-length springs, one per skin node,

with the skeletal end of each spring defined using linear blend

skinning. We follow the numerical integration algorithm of

Garre et al. [5] to avoid solving a coupled system under

implicit integration. This algorithm first solves the skeletal

motion approximating the effect of the skin, and then solves

the skin deformation.

To conclude the description of the simulation model,

we have implemented collision response using the penalty

method, with anchored springs for Coulomb friction [20].

B. LCP Formulations and Relaxation Methods

Nonlinear optimization problems such as the one in (1)

are common in constraint-based collision response, and are



solved using sequential quadratic programming (SQP) strate-

gies [4], [7], [13]. Velocities are initialized as unconstrained

velocities v0 ← A−1 b, and positions as unconstrained posi-

tions x0 ← x0+hv0. Then, the constraints are linearized, e.g.,

at the unconstrained positions, as C(x) ≈ C(x0) +
∂C
∂x (x−

x0), and the problem in (1) becomes an LCP. Note that, for

computational efficiency reasons, this LCP is formed using

only the constraints that are violated at the unconstrained

positions. The LCP is solved until convergence (of the lin-

earized constraints), and constraints are again linearized for a

new SQP iteration. The process continues until convergence

of the nonlinear constraints.

Given positions xi−1 and velocities vi−1 at the previous

iteration, each SQP iteration can be formulated as:

min
1

2
(vi −v0)

T A(vi −v0), (4)

s.t. C(xi−1)+hJ(vi −vi−1)≥ 0.

In practice, we approximate this SQP formulation, and on

each iteration we minimize the change in velocities:

min
1

2
(vi −vi−1)

T A(vi −vi−1), (5)

s.t. C(xi−1)+hJ(vi −vi−1)≥ 0.

This yields the following LCP per SQP iteration:

0 ≤ λi ⊥ JA−1 JT λi +
1

h
C(xi−1)≥ 0. (6)

Such LCPs are typically solved using relaxation methods

based on matrix splitting [2], e.g., projected Gauss-Seidel

(PGS) or projected Jacobi (PJ), on the LCP matrix B =
JA−1 JT . Solving the LCP yields the Lagrange multipliers

λi, and next the velocities and positions are updated for the

next SQP iteration:

vi = vi−1 +A−1 JT λi, (7)

xi = xi−1 +h(vi −vi−1). (8)

On deformation problems with implicit integration, such

as ours, the solution to the LCP (6) is computationally

expensive. With PGS, the cost is dominated by the dense

nature of the matrix B, both on its initialization and during

each LCP iteration. PJ requires only the diagonal D of B, but

suffers worse convergence. Convergence can be guaranteed

dividing the Jacobi update by a weight equal to the degree of

the incidence graph of the B matrix [1], [18]. With a dense B
matrix, this weight is just the number of constraints. In our

experience, this weighting scheme is overly conservative, and

a line search works better in practice. More elaborate meth-

ods also exist, such as iterative constraint anticipation [13],

which requires more iterations but enjoys a much lower cost

per iteration, and applies a relaxation method jointly to the

system matrix A and the LCP matrix B.

Despite the high cost of each LCP solve, the SQP approach

is appropriate for contact mechanics problems because it

converges in few iterations, i.e., few LCP solves (less than 4

in the vast majority of cases as reported in [13]). For strain-

limiting constraints, on the other hand, we have observed that

the nonlinear constraints improve very slowly on each LCP

solve. Fig. 5 shows the prototypical convergence behavior

of PGS and PJ on the nonlinear constrained optimization

problem (1) with strain-limiting constraints. The residual

(of the linearized constraints) is quickly reduced within

each LCP, but the evaluation of the full nonlinear residual

at the beginning of each SQP iteration denotes very slow

overall convergence. In practice, a large effort is spent

in vain solving expensive LCPs. In the next section, we

introduce our new solver to overcome this slow convergence

and enable interactive hand simulation with nonlinear skin

deformations.

III. NONLINEAR JACOBI SOLVER

In this section, we present our new solver for nonlinear

constrained dynamics, particularly designed for the simula-

tion of nonlinear skin using strain-limiting constraints. Our

solver is based on two principles: the linearization of the

nonlinear constraints on each iteration, and the minimization

of the computational cost per iteration. By following these

two principles, we achieve a speed-up of more than 10× w.r.t.

standard constrained dynamics solvers, on deformable hand

simulation in the context of multi-finger tactile rendering.
We start the section with a detailed description of the PJ

line-search solver designed for each SQP iteration. Then, we

discuss computational optimizations that exploit Cholesky

factorizations and parallelism.

A. Projected Jacobi Line-Search
As discussed in the previous section, we linearize the

nonlinear constrained dynamics problem by formulating SQP

iterations in the form of (5), and each SQP iteration yields

the LCP (6). Our nonlinear solver formulates one single PJ

iteration on this LCP, which leads to the following Jacobi

update for the Lagrange multipliers:

D(λi −λi,0)+Bλi,0 +
1

h
C(xi−1)≥ 0. (9)

With Lagrange multipliers initialized as λi,0 = 0, the Jacobi

update simplifies to:

Dλi +
1

h
C(xi−1)≥ 0. (10)

Jacobi relaxation is not guaranteed to converge, and in-

stead we execute a line search [10] along the direction of the

Jacobi update. With λi,0 = 0, this search direction is simply:

s = max

(
0, − 1

h
D−1 C(xi−1)

)
. (11)

Lagrange multipliers are reparameterized based on a step

along the search direction, λi = α s, with 0 ≤ α ≤ 1 to avoid

reprojection. The step α is computed by minimizing the QP

equivalent to the LCP in (6) (see [2]):

min
1

2
λ T

i Bλi +
1

h
λ T

i C(xi−1) =

min
1

2
sT

i JA−1 JT si α2 +
1

h
sT

i C(xi−1)α ⇒

α =
− 1

h sT
i C(xi−1)

sT
i JA−1 JT si

. (12)



Followed by a projection of α to the interval [0,1]. Note

that, even though α is unique for all constraints, their forces

are not equal, as the search direction scales differently the

various constraints.

Once Lagrange multipliers are computed, we update ve-

locities and positions as in (7)-(8), linearize the constraints

again, and start a new SQP iteration. To test convergence,

we use as residual function the norm of the constraints

‖min(C(x),0)‖.

In contrast to classic solvers, we avoid wasted effort by

not solving to convergence the LCP in each SQP iteration,

we minimize computational cost per iteration thanks to

the Jacobi relaxation scheme, and we guarantee a steady

error reduction thanks to the line-search optimization. These

features are the key ingredients that result in a speed-up

of more than 10× in practice. Next, we discuss further

optimizations to the solver.

B. Cholesky Factorization

With just one relaxation step per SQP iteration, the cost

of the solver is largely dominated by the computation of

the LCP matrix. Then, PJ is far more efficient than PGS,

as it requires only the diagonal D, not the full matrix B.

Moreover, we further optimize the efficiency of the solver by

precomputing a Cholesky factorization of the system matrix,

A = LLT

The diagonal matrix D is formed using the Jacobians of

individual constraints, Jk, as:

D = diag(Jk L−T L−1 JT
k ). (13)

Each term of the diagonal can be computed by executing just

one back-substitution L−1 JT
k , and then a dot product of this

vector with itself.

Algorithm 1 Constrained dynamics step

1: procedure CONSTRAINEDDYNAMICS(x0,v0)

2: Formulate A and b using (2)-(3)

3: Compute Cholesky factorization A = LLT

4: Initialize unconstrained velocities v0 ← A−1 b
5: Initialize unconstrained positions x0 ← x0 +hv0

6: i = 1

7: [–P–] Evaluate constraints C(xi−1)
8: while ‖min(C(xi−1),0)‖> tolerance do
9: Evaluate constraint Jacobians J = ∂C

∂x
10: [–P–] Compute LCP diagonal D as in (13)

11: Compute search direction s as in (11)

12: Compute step α as in (12)

13: α ← max(min(α,1),0)
14: Compute λi = α s
15: Update velocities and positions using (7)-(8)

16: i ← i+1

17: [–P–] Evaluate constraints C(xi−1)
18: end while
19: end procedure

Fig. 4. Tactile rendering results using contact surface matching [15]. Left:
Test points on the virtual finger pad, in contact (red) and not in contact
(blue), with a visualization of the device configuration resulting from the
optimization (in pink). Right: The actual cutaneous device, rendering the
optimal contact location and orientation on the finger pad.

The Cholesky factorization is of course reused also in the

computation of the line-search step in (12) and the velocity

update in (7).

C. Parallelization

Even after exploiting the Cholesky factorization, the for-

mulation of matrix D is still one of the major bottlenecks

in the solver, although now on par with the evaluation of

constraints, which requires the computation of SVDs [14].

Fortunately, these two steps in our algorithm can be easily

parallelized. We use a CPU multi-core parallelization.

Algorithm 1 shows pseudocode for one step of nonlinear

constrained dynamics simulation using our nonlinear Jacobi

solver. Bottleneck steps that are parallelized are highlighted

with the symbol [–P–]. Several other steps may also be

parallelized, but they barely affect performance.

IV. TACTILE RENDERING

We render tactile stimuli by modulating the local contact

surface (position and orientation) on each finger pad, using

a wearable cutaneous interface [17]. This device touches the

finger pad with a disk-like surface, has three degrees of

freedom (pitch, roll, and displacement normal to the finger

pad), and is actuated using a parallel mechanism. In our

examples, we have used three interfaces, worn on the thumb,

index, and middle fingers.

On each simulation frame, we track the user’s hand using a

Leap Motion device, simulate hand dynamics in contact with

virtual objects, and finally compute optimal configurations of

the cutaneous interfaces to mimic the contact configuration

in the virtual environment. For this purpose, we adopt the

contact surface matching tactile rendering algorithm of Perez

et al. [15]. For each finger, we test for collision with the

virtual environment roughly 100 points sampled on the finger

pad area, perform the contact surface matching optimization

to compute the degrees of freedom of the corresponding

cutaneous interface, and send them as a rendering command

to the driver of the interface. Fig. 4 shows an example frame

depicting the points sampled on the finger pad, the device



configuration resulting from the optimization, and the actual

device acting on the user’s finger.

Tactile rendering runs in just over 1 ms per finger on

our system, and we have executed the optimizations for all

three fingers in parallel. The cutaneous rendering loop is

intrinsically passive, hence no stability considerations need

to be accounted for.

V. RESULTS

We have executed all our experiments on a PC with a

quad-core Intel Core-i7 2600 (3.4GHz) and 8GB of RAM.

Multi-core parallelization as discussed in Section III-C is

implemented using OpenMP, and we rely on the Eigen

library for efficient linear algebra operations.

In our tactile rendering framework, we simulate the de-

formable hand using an articulated skeleton with 16 bones

and a deformable mesh with 597 tetrahedra. This coarse

model guarantees interactive computation of robust and

smooth deformations even when large parts of the skin reach

strain-limiting constraints. The deformation is then smoothly

interpolated to a textured triangle mesh with 23640 triangles,

which is used for visual rendering. For tactile rendering, we

also detect contacts on sample vertices of the finger pads of

this high-resolution mesh, as discussed in Section IV.

Fig. 2 and Fig. 3 show two examples where the impact

of nonlinear skin deformations becomes evident. Without

strain-limiting constraints, fingers deform excessively under

pressing contact. With constraints, instead, they appear soft at

initial contact, allowing a compliant adaptation of the finger

pads to grasped objects, but they correctly retain their shape

when the user presses harder. Without constraints, the hand

suffers deformation artifacts at joints. With constraints, in-

stead, deformable joints are compliant under small rotations,

but they become very stiff under large rotations.

We have compared the performance of our nonlinear

Jacobi solver to standard solvers for nonlinear constrained

optimization discussed in Section II-B, specifically, SQP with

PGS for the LCP on each SQP iteration, and SQP with

projected Jacobi line-search (PJLS) for the LCPs. During a

10-frame interval centered on the hand configuration shown

in Fig. 3, the number of active constraints is high, 335 on

average. SQP-PGS runs at an average of 313 ms per time

step, SQP-PJLS at 282 ms, and our nonlinear Jacobi solver

at 22 ms. This yields an average speed-up of 14.2× w.r.t.

SQP-PGS and 12.8× w.r.t. SQP-PJLS on highly constrained

scenarios. In all three solvers we exploit the Cholesky

factorization and parallelizations discussed in Section III;

the speed-up is thanks to the design of our solver, not the

optimizations.

Fig. 5 shows the prototypical convergence rate for the three

solvers, obtained for one of these test frames. With SQP-

PGS and SQP-PJLS, the residual of linearized constraints is

quickly reduced within each LCP, but is not a good indicator

of the full nonlinear residual, which is evaluated at the

beginning of each SQP iteration and exhibits much slower

convergence. Our solver reaches a good compromise, with a

steady reduction of the nonlinear residual.

Fig. 5. Comparison of convergence rate of our solver (Nonlinear JLS, in
blue) vs. SQP with projected Gauss-Seidel (SQP-PGS, in red) and SQP
with projected Jacobi line-search (SQP-JLS, in green). The plot shows
the constraint residual vs. iteration count on a prototypical frame of hand
simulation. SQP-PGS and SQP-JLS exhibit a fast reduction of the residual
of linearized constraints during LCP solves, but slow reduction of the
full nonlinear residual, which is evaluated at the beginning of new SQP
iterations.

All in all, with our nonlinear Jacobi solver, we have

ensured that the simulation of the hand remains interactive

at all times. It runs at an average of 119 fps during free

motion, at an average of 89 fps on moderately constrained

situations (less than 100 active constraints), and at an average

of 54 fps on highly constrained situations (more than 100

active constraints).

Finally, Fig. 1 and Fig. 6 show the application of our

solver in the context of dexterous manipulation and grasping

with multi-finger tactile rendering. Please see also the ac-

companying video. In Fig. 1, an object is rotated using three

fingers. During the manipulation, the relative orientations of

the finger pads and the object’s surface change, and this

subtle change is captured by the orientation of the cutaneous

interface. In Fig. 6, the user attempts to lift an object. In the

two left columns, with a weak grip, the object slides and the

user fails to lift it. In the two right columns, with a strong

grip, the user succeeds to lift the object. The strength of the

grip is conveyed by the cutaneous interfaces through their

normal displacements w.r.t. the finger pads.

VI. DISCUSSION

In this work, we have completed a framework for visuo-

haptic rendering of soft grasping and manipulation. Build-

ing on previous components for skeleton-flesh coupling,

nonlinear skin modeling, and tactile rendering for cuta-

neous interfaces, we now incorporate an efficient solver

for constrained dynamics that enables interactive simulation

of a full hand with nonlinear skin for multi-finger tactile

rendering. As discussed throughout the paper, this solver

differs from classic solvers for contact mechanics, which fail

to offer a satisfactory convergence rate under strain-limiting

constraints.

The major limitation of the solver, unfortunately mutual to

constrained optimization solvers, is that its cost is superlinear

w.r.t. the size of the problem. The cost per iteration is bilinear

in the number of degrees of freedom and active constraints.

In addition, the iteration count of relaxation approaches does



Fig. 6. Lifting an object with multi-finger tactile rendering. With a weak grip (2 left columns), the object slides and the user fails to lift it. With a strong
grip (2 right columns), the user succeeds to lift the object. Please pay attention to the subtle (but visible) differences in the normal pressure exerted by the
cutaneous devices, which conveys the strength of the grip to the user.

not scale well with the size of the problem. Multiresolution

strategies might address this limitation.

Concerning the overall visuo-haptic rendering framework,

several elements could be improved. With our coarse defor-

mation model it is not possible to resolve high-resolution

deformations, such as the skin indentation produced when

touching an edge. The Leap Motion tracker is not sufficiently

robust, as it is designed for tracking a bare hand, not a hand

wearing cutaneous interfaces. And the tactile rendering algo-

rithm builds on a hypothesis of geometric contact matching,

which does not support correct rendering of friction forces

or interaction with soft bodies.

To conclude, now that a full visuo-haptic rendering frame-

work of multi-finger interaction is in place, it is time to eval-

uate the impact of the various components on grasping and

manipulation task performance, and refine them accordingly.
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